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Abstract

Translations between logics have been studied for almost as long a modern logic itself, the
standard example being Glivenko’s [929 translation from classical to intuitionistic proposi-
tional logic. Translations show how to convert proofs in one logical system to proofs in an-
other, demonstrating an embedding between these logics. They are thus an important tool in
understanding the relationship between different logics. In the study of higher-order logics,
there are several results [Gandy, [95h8; Rizkallah, 200Y] detailing the translation from logics
with function-extensionality to those without. This thesis extends these translation results to
the elimination of function-extensionality in a higher-order logic with type-polymorphism,
similar to HOL2P [Vélker, 2007).
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Chapter 1

Introduction

1.0(1)  This thesis outlines a translation of theorems from an function-extensional to a
function-intensional higher-order logic both with type-level polymorphism, by removing the
axioms that imply functional extensionality in the translation.

1.0(2)  Functional extensionality is a property of equality that says if two functions have
in equal outputs for every equal inputs, the functions are equal. Adding functional exten-
sionality to a logic prevents the expression of more fine properties of functions which are
dependent on how they are defined, such as run-time and structural properties.

1.0(3) There are many translations that remove functional extensionality from higher-order
logic [Gandy, [956; Cnckhardf, [973; Rizkallah, 2009]. These translations map the exten-
sional equality of the extensional logic into an extensional equivalence in the intensional
logic, which is weaker than the equality of the target logic, but that acts like extensional
equality under certain assumptions.

1.0(4) This report extends previous function-extensionality translation results to a higher-
order logic with type-level polymorphism, based on the HOL2P logic of Valked [20007]. This
entails dealing with a number of details, such as how to deal with abstract type-variables,
which have not been addressed in previous translations.

L0(5) outlines the foundations of this research, giving an in-depth definition
of translations of logics, higher-order logic, and function extensionality. contains
a summary of the previous work into extensionality translations in higher-order logic, de-
scribing previous translations which remove function-extensionality in higher-order logic.

explains the translation result, containg a prose description of the proofs. Chap]

EerH gives the conclusions from this research.

1.0(6) The appendices contain detailed natural deduction proofs of the translation. Ap]
contains the fundamental definitions and lemmas about the polymorphic higher-
order logics. contains fundamental definitions and lemmas necessary to perform
the translation. contains proofs of the correctness of the translation.
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Chapter 2

Foundations

2.0(1) The purpose of this chapter is to provide an overview of the topic of this thesis—the
translation of extensionality in polymorphic higher order logic. To understand this we will
first need to understand three things: what a translation is, what functional extensionality
is, and what polymorphic higher-order logic is.

2.0(2) To begin, we will discuss a general description of logical translations. Then, starting
with a description of the polymorphic lambda calculus, System F, develop a polymorphic
HOL based on Volker’s HOL2P [Valked, 2007]. Then we will discuss functional extension-
ality, and use this understanding to produce an intensional version of polymorphic HOL.

2.1 Meta-logic and Object-logic

2.1(1)  Before we begin, it is best to clarify the conventions we shall use for our logic
and meta-logic. When describing a logic, there is a difference between the logic which we
describe, and the logic we describe it in; these are the logic and meta-logic respectively.

2.1(2) We will use the symbols = for meta-level equality and = for meta-level implication.
The notion of object-logic provability we will use is syntactic consequence in a natural
deduction system, where I; to elaborate, I' = p has the general meaning “assuming the
formulas in the (multi)set of formulas I', p is derivable”, by rules which manipulate the
formula p. Lastly, I' =* A is an extension of the - syntax to mean that each formula in A
can be proven from I'.

2.1(3) Especially when dealing with theorems of the object-logic, we will write meta-level
implication in Gentzen notation. In Gentzen notation, an implication 4] = Ay —
.- —= A,, = C is written

A Ay oo A,
C
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When there are no assumptions, as in

c

this signifies that C' is true or derivable. As a convention of speech, this report uses “hypoth-
esis” and “conclusion” to refer to the assumptions and conclusions of the meta-logical arrow
(=), and “antecedents” and “consequent” to refer to the assumed formulae and proved
formula of syntactic consequence (F).

2.1(4) Gentzen inferences can be chained to form a proof tree. Consider the rule ¢rans,

'ks=t AFt=u
I'N'AFs=u

trans

which describes the transitivity of equality. To show the proof of s = v from the antecedents
s =t,t=wu, and u = v, we can write the following proof-tree

———————assm ———————— assm
t=ukt=u u=vkFu=wv

—— assm trans

s=tks=t t=u,u=vkEt=u

trans

s=tt=u,u=vks=v

2.1(5) In addition to these general conventions, we will define some abbreviations to
simplify long derivations. If a rule is applied repeatedly, such as trans in the last example,
we may denote this using the syntax ™ on the rule-name to denote repeated application, or
* to represent zero-or-many applications (this is used when such applications depend on the
presence of antecedents which may not be present in all derivations). Using this to simplify
the previous derivation would result in

—————————assm —————— assm ——————— assm
s=thks=t1 t=ukFt=u u=vku=v T

s=tt=u,u=vks=v

2.2 Logical Translations

2.2(1) A logical translation is a mapping of theorems between two systems of logic. To be
more precise, given two systems of logic, System S (for source) and System I (for target), a
logical translation maps all true theorems of System S to true theorems in System T. Moreover,
to prevent trivial transformations such as mapping every formula from System S to “True’,
we also require that any theorem whose translation is provable in System T" must be provable

in System S.

2.2(2) If we consider theorems as natural deduction sequents, we can represent any general
logical translation in the following manner. A translation between logical systems can be
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considered as two functions A : P(Term) x Term — P(Term), which generates a set of
translated antecedents, and C : P(Term) x Term — Term, which generates a translated
consequent. The reason for such generality in these functions is that we may want the
translated antecedents or consequent to depend on the original antecedents in a more
complex manner than simply translating each antecedents and consequent term individually.

2.2(3) The translation must satisfy the following conditions:

I'tgs= A, p) Fr C(T,p) (Preserves Validity)
A(Fap) I_T C(va) =T |_S S (NOt Trivial)

2.2(4)  As this is a very abstract definition, it is helpful to consider a concrete example. We
will specify Godel’s translation [G&del, [933] between the classical and intuitionistic propo-
sitional logic in this framework. This translation takes theorems of classical propositional

logic to theorems in intuitionistic propositional logic (that is, the propositional logic without
the law of excluded middle).

2.2(5) To begin, we define a mapping (—)® on propositional formulas as follows
o2

(p— ) =-("A—q°)

(pV @)= ~(=p* A—¢%)

(pAg)*=p° /\q
(p)* 2 p

In addition, we need to extend (—)*® to sets of formulae by applying it to each element of
the set.

2.2(6) We can then define Gédel’s translation in terms of our translation framework as
A(T,p) &T*
C(T,p) = p°

That this translation preserves validity is a theorem of Godel’s [[933], and non-triviality
follows from the fact that (—)® maps formulae into classically equivalent formulae.

2.3 The Polymorphic Lambda Calculus: System F

2.3(1) To discuss functional extensionality, we must first have a way to discuss functions. In
computer science and logic, one of the main theoretical frameworks for describing functions
is the lambda calculus. In particular, as we will be considering a polymorphic HOL, we
shall consider the polymorphic lambda calculus: System F. For a more in-depth discussion
of the lambda-calculus, see Barendregt’s “The Lambda Calculus: Its Syntax and Semantics”
[Barendregt, 1981], and for System F, Pierce’s “Iypes and Programming Languages” [Piercd,
‘).()()‘1],
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2.3.1 Types and Terms

2.3(2) System F is an extension to the lambda calculus which adds #ypes, which can be
constructed in three basic ways:

T, 0 =« (type variables)
|T=0 (functions)
| . s (polymorphic functions).

2.3(3) Type variables (we will use «, /3, and ~y to stand for type-variables) represent a type
about which which we know nothing, except that it may—in future—be substituted for by
a more concrete type. Function types are written 7 = o, which represents the type of a
function term which takes a term of type 7 and returns a term of type o. Lastly, the type of
polymorphic functions Ila. 7, is the type of a function which is abstracted over some type,
represented by the variable o, and which returns a type 7, which may contain o.

2.3(4) In System F, there are five basic ways to form Zerms

s,tu=1x, (variables)
| Az s (lambda abstraction)
| st (application)
| Aav. s (type abstraction)
| s [71] (type application).

Variables (we will use z, y, and 2 to stand for variables) represent a variable, annotated
with their type. It should be noted that the variable z, is distinct from =, when 7 # 0.
Axr. s represents a function which takes some input x of type 7 and then proceeds with
the computation s. Application applies a term ¢ to a function s. The polymorphic function
Aa. s takes some type «, and proceeds with the computation s. Lastly, s [:7:] represents the
application of a type to a polymorphic function.

2.3(5) For convenience, we define the following abbreviations

AZr. AYg. § ~ ATr Yy S
Aa. AB. s~ Aa (. s
(st)u~>stu
(s [7]) o] ~ s [T

-

(s u~ s

] o]
Ju
(st) o] ~ st[o]

2.3(6) Types are associated with terms according to a set of typing rules (Figure Z2.). In
short A-abstractions are typed to functions, and A-abstractions are typed to polymorphic
functions. An application (s t) passes the argument ¢ to a function s, which results in a
term of the return type of that function. Finally a type-application s [:0:] applies o to a
polymorphic function s, and results in a term of a type specialised to the input type: s[o/a].
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Fao,:7T
Fs:m Fs:mm=mn Ft:n
FAx,.s:171 =7 Fst:m
Fs:T Fs:Ila. 7

FAa.s:la. T Fs o] 7lo/q]

Figure 2.1: The Typing Rules of System F
2.3.2 Free and Bound Variables

2.3(7)  An important aspect of variables is whether they are bound or free. We say that a
variable is bound when it occurs under a lambda that binds that variable; for example z,
is bound in Az;. x-, and z, y, and « are bound in Aa. A\yy Za=q- Yo Ta=a, Contrarily, a
variable is free if it does not occur under a lambda that binds it, For example y; is free in
Yr (A\x;. z;), and z; is bound and y; is free in Az;. 2+ y,. The meta-logic function FV (—)
takes a term to the set of the free variables in it; the meta-logic function FVi,(—) takes a
type to the set of the free variables in it. Moreover, we can extend FViy,(—) to terms by
taking all free variables in all types occurring in that term (including on variables).

2.3(8) A variable that is free is considered to be different to bound variables with the
same name. For example, the lambda term =, (Az..z;) should be read =, (Az,. z.).
Moreover, variables that are bound multiple times are associated with the last lambda
binder under which they appear; for example A\z.. (Az. (Az-. ;) ;) x should be read

as Arr. (Azr. (Azr. 1) 1) 27

2.3(9)  As ascribing every variable with a type is tiresome and occasionally distracting, we
will write bare variables x when their types do not matter, or can be ascertained from the
context. In these cases, we will always assume a bound x has the same type as any other
bound z (according to the conventions discussed above), and a free = has the same type as
any other free z. To clarify with an example, the bare term Ax. z (Az. y =) should be read
as )\:EU:>TQ- Lo=T9 ()\xT Yr=0o 337')~

2.3.3 Equivalence of Lambda Terms

2.3(10) The notion of substitution of a variable is critical to the lambda calculus. In System
F, there are two notions of substitution, substitution of variables and substitution of type
variables.

2.3(11) Substitution of variables is written [s/x], and represents the capture-avoiding substi-
tution of the term s for the variable x (where s and = agree on their type). Capture-avoiding
means that (\z. s)[t/x] will result in the term (A\x. s x), and not (Az. s t). We will abstract
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over repeated term-substitution with the letter 0—e.g. 6 = (s1/x1,s2/%2, ..., 5n/Tn).

2.3(12)  Substitution of type-variables is written [7/a], and represents the capture-avoiding
substitution of the type 7 for the type-variable a. On #ypes, a type substitution replaces
free type variables with the given type, respecting the 1I binder. On terms, type substitution
changes variables, turning z, into [, /4], but respecting the binder A. We will abstract
over repeated type-substitution with the letter p—e.g. ¢ = (01/a1,09/Qg, ..., 0n/an).

Alpha Equivalence

2.3(13) A change in bound variables of a term s is the replacement of a subterm of the form
Az. t or Aa. t, with Ay. tly/z] or AB. t[3/a] respectively, where y or o does not occur at all
in in ¢. Moreover, a change in bound variables can also be applied to polymorphic-function
types, rewriting Ila. 7 to I15. 7[3/a.

2.3(14)  We say that two terms (or two types) are alpha equivalent when either of the
terms can be transformed into the other by a sequence of changes of bound variables. For
example (Az y. z) = (Ay z. y) and (Aa. o) = (AB. 2), but (A\z. 2 y) # (A\y. y y). Note
that = (\z. z) is not alpha equivalent to y (Az. z), as x and y are free. From this point, we
will consider all terms and types up to alpha equivalence.

Beta Equivalence

2.3(15) The next fundamental concept in the lambda calculus is beta reduction. A beta
reduction of a term s to a term s’ is the replacement of some subterm of the form (Az. u) v
with u[v/z], or some subterm of the form (A«a. w) [:7:] with u[7/a]. For example, a beta-
reduction of the term (Aa. (Azq. o)) [T s is as follows

(Aa. (Axg. 4)) [T s = (Azr. 27) 8

S

2.3(16) A term with no beta-reducts is said to be in normal form. It is widely-known that
beta reduction of System F is confluent—that is, all terms eventually reduce to a normal
form, and any sequence of beta reductions will eventually arrive at that same normal form
[Serensen and Urzyczyn, 1998].

2.4 Extensional Polymorphic Higher-Order Logic

2.4(1) The first logic we will consider is the extensional variant of the polymorphic HOL.
We will call this logic PHOL,), for reasons that will be discussed later (see Secfion 775).
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T,0 =0 rop. formulas
: (prop
| ¢ (individuals)
|7T=0 (functions)
| o (type variables)
| o 7 (polymorphic functions)

Figure 2.2: Type Syntax of Polymorphic Higher-Order Logic

MREonRS RELRS
RET R REmRr
RET =795 (rUre)
R,a: g SET®RT
Roawrtagr RE (MMa. 7) L

Figure 2.3: The Ranking Rules of Polymorphic HOL

2.41 Ranks and Types

2.4(2) Polymorphic Higher-Order Logic adds two additional types to System F: the type o
of propositional formulas, those terms which have a truth value, and the type ¢ of individuals,

the type of basic objects. The grammar of these types is described in [Figure 2.7.

2.4(3)  Simply extending higher-order logic with type polymorphism is widely-known to
be inconsistent [Coquand, [995; GGeuvers, 2007; Hurkens, I[995]. The approach we will take
to resolve this is similar to the approach taken by HOL2P. We divide types into two ranks:
large (L) and small (S), with S < L. Every type is ascribed one of these ranks, with ITa. 7
always creating a type of rank L, but requiring an « of rank S. In addition, type substitution

is now required to respect ranks. The rules of the ranking system is described in [Figure Z2.3.

2.4(4) The cause of the inconsistency has to do with impredicative polymorphism—that
is, the ability to instantiate a polymorphic type with another polymorphic type. As the type
variable of any polymorphic function must be S, but all types containing polymorphism are
L, such impredicative instantiations are forbidden in polymorphic HOL.

Types and Terms

2.4(5)  As with all higher-order logics, we extend the lambda calculus with additional prim-
itive terms representing logical connectives. In extensional polymorphic higher-order logic,
the term syntax is extended with the equality symbol [=|; and the indefinite description

symbol [¢], for each type 7. The term grammar is given in Figure 2.4.
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s, t,u,v =T, (variables)
| Az,. s (lambda abstraction)
| st (application)
| Aa. s (type abstraction)
| s [:7] (type application)
=) (equality)
| €]+ (indefinite description)

Figure 2.4: Term Syntax of Polymorphic Higher-Order Logic

2.4(6) The binary function [=]; represents object-logic equality, i.e. the equality provable
inside the logic; it has the type 7 = 7 = 0. Equality is usually written an an infix operator
s = t, which we interpret as an abbreviation for [=] s .

2.4(7) The function [¢], represents ‘indefinite description’, also known as Hilbert’s epsilon
operator, and has the type (7 = 0) = 7. It is usually written as a binder (¢z.p), which we
interpret as an abbreviation for [¢], (Az. p).

2.4(8) To give some understanding of what indefinite description is, x,.p represents
some object of type 7 that satisfies the predicate p. To skip ahead a little, it is completely
characterised by the inference rule

select-ax

Fps—pl(ex.px)

which says that to show that p (ex.p x) holds, it is enough to show that there is some s for
which p holds.

2.4(9)  As shown in Figure 2.3, just adding [=] is enough to define the common log-
ical connectives (i.e. A, —>, etc.). In addition, in polymorphic HOL, we can define a
polymorphic-forall Viyc«r. p, which expresses that the formula s holds for all (small) types.
These have the usual introduction and elimination rules (Subsecfion A4 1). Moreover, using
the connectives, injective and surjective functions can be defined in the usual manner.

2.4.2 Proof Rules

24(10)  The proof rules of PHOL,, (Figure Z.6) belong to thee main groups: the structural

rules, the equality rules, and axioms.

2.4(11)  The structural rules clarify how the antecedents may be used in a proof. In
interpreting these rules, recall that the set of antecedents (I') is a multiset; that is, order
doesn’t matter, but the amount of elements does. The rule assm says that if a formula is
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T £ (A p) =o=0 (AD. D)
pAGE N fpa)=Of fTT)
p—q=(pNqg)=p
V] £ Ap. p =om0 (Az. T)
Vz.p = V] (\z. p)
[ 2 M. Vzo.(Ve.p 2 — 2,) — 2,
Jz.p £ [3] (M. p)
PV qEY2.(p— 20) — (@ — 25) — 2,
1 2Vz,. 2,
-p = p— L
[Viy] 2 \2. 2 = o (Aa. T)
Viya. p £ [Vy] (Ac. p)

injf&Vey. fa=fy—az=y
ontof £Vy. Jx. fr=y

Vincent Jackson

(where p may contain x)

(where p may contain x)

(where p may contain «)

Figure 2.5: The Connectives defined in Polymorphic Higher-Order Logic
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Structural

assm
pEp
I'kp A AbEp
———— weaken ——~ contract
IAFp IAFDp
Equality

refl I'ks=t Al—t:utrans
I—st F,A}—s:u

I'ts=t Atu=vw
mk-comb beta
LAFsu=twv F(Az. s) t = s[t/x]

(x not in I') IFhs=t abs (r notint) ——— eta

I'E (Az.s) = (Ax. t) F(Ar.tx)=t

Lrs=t tyapp tybeta
ks =t[7] F (Aa. s) o] = s[o/a]
I'Fs=t

a not in I" tyabs « not in tyeta

( ) I'F (Aa. s) = (Aa. t) Y ( /) FAa. f o) =f Y
F'Fs=,t AFs Lgkp  A,plkg .

eq-mp deduct-antisym

ARt I'N'AFp=,q¢q

Axioms

(z not in p) select-ax infinity-ax
Fps—p(ez.pa) F3(f:v=1).inj f A —onto f

Figure 2.6: The proof rules of (Extensional) Polymorphic HOL
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assumed, then it can be proven. The rule contract says that if a theorem can be proven
with duplicated antecedents, then it can be proven with de-duplicated antecedents (this has
the effect of making I' act like a set). The rule weaken says that if it is possible to prove a
theorem under some antecedents I', then the theorem is also provable under all multisets of
antecedents that contain I.

2.4(12) The rules for equality specify the behaviour of equality. refl says that equality is
reflexive, and frans says that it’s transitive. mk-comb says that application is a congruence
relation, that is, to show that s w is equal to ¢ v, is is sufficient to show that s is equal to
t, and u to v. The rule abs says that to show to lambda functions are equal, it is enough
to show that their bodies are equal. eta says that abstracting and immediately applying the
abstracted variable to a function f (so long as that variable does not occur in f), is exactly
the same as f. The rules fyapp, tyabs, and tyeta are the type-abstraction equivalents of
mk-comb, abs, and eta.

2.4(13)  The rules eg-mp and deduct-antisym define equality on formulas. eg-mp says that
if two formulas p and ¢ are equal, then a proof of p is also a proof of q. deduct-antisym
essentially says that if you can show p by assuming ¢, and ¢ by assuming p, then they are
equal.

2.4(14) Lastly, the axioms are rules which define the character of the logic. The rule select-
ax defines the ¢ operator to be the indefinite description operator, and the rule infinity-ax
enforces that there are a countably infinite number of members of the type ¢.

2.4.3 Derived and Admissible Rules

2.4(15)  With any logical system, there are two ways of demonstrating a proof rule holds
(note that theorems of a logic are just proof rules with no assumptions). The first is showing
that the proof rule is derivable, that is, reasoning from the assumptions, the conclusion can
be reached by application of axiomatic or (other) derivable rules.

2.4(16)  The second is by showing that a rule is admissible, that is, that a proof-tree
can always be constructed which demonstrates the rule. This is a weaker notion than
derivability, as adding additional proof-rules or ways to construct formulae can invalidate
the construction. Nevertheless, showing that a rule is admissible still gives license to use it
as a derivation step in proof construction.

24(17)  The following rules are derivable or admissible in PHOL,

T'kp . T'kp .
——— inst ——— ty-inst
L0 = p[o] L[¢] - plé]
FFs=t At e[s] 'ts s, ARt
rewrite ante-subst
LA Felt] ARt

12
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Rewriting

2.4(18) If two terms differ only in the structure of some identically-placed subterm, and
those subterms are provably equal, it is possible to rewrite the subterm to show the equality
of the larger terms. This rule is called rewrite

F'Fs=t At e[s]
I AFeft]

rewrite

where e]-| represents the common structure surrounding the subterms. The proper formal-
isation of this rule relies on the notion of a context (that is, a term with a hole, which
stands for an unsubstituted subterm, which may capture bound variables). A proof of the

admissibility of this result is given in Secfion A9

2.4.4 Antecedent Substitution

2.4(19)  The rule of antecedent-substitution says that if you wish to prove I'; A F ¢, it is
sufficient to show s, A - ¢ under some antecedent s, and that s is provable from I'.

I'ts s,AkFt
ante-subst
ARt
Proof- The proof is as follows"
I'ks
——— weaken
Itks s, Akt
deduct-antisym
IN'AbFs=,t I'ks
eq-m
IATHt amp
— contract
ARt

O]

2.4(20) Note that this is not cut of the sequent calculus, as this logic is a natural deduction
system. The key difference is that reasoning backwards in a sequent calculus with the
subformula property cannot introduce any term which does not occur in the consegents
and antecendents already present; this means that a proof of cut-admissibility must be done
by induction over the proof. The natural deduction calculus has no such restriction (for
backwards reasoning, at least) as is evidenced by elimination rules such as eg-mp in which
the judgement I' - s =, ¢ may contain a connective (=,) not present in either s or ¢.

! My thanks to Johannes Aman Pohjola, who pointed out this simple proof using just the primitive PHOL
rules. Note that a similar derivation can be performed using VI and VE.

13
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Instantiation

2.4(21)  The instantiation rules inst and tyinst state that a general proof of some fact p
under the antecedents I' also is a proof of any more specific instantiation of the variables
or type-variables of that theorem. These rules are admissible to polymorphic higher-order
logic; the proof of this result is a straightforward but mechanical induction over the proof of
I' - p, applying the instantiation the the hypotheses that produced the I' - p. A full proof
of this can be found in Secfion A”A. They are stated

I'kp ) I'kp

—— inst ——— ty-inst
L[0] - plf] I[¢] - pl¢]

2.5 Function Extensionality

2.5(1)  Functional extensionality is a property of equality that states that two functions are
equal when on equal inputs they produce equal outputs. Formally this rule is written

't =
(z not free in I, £, g) M fun-ext
'-f=g

2.5(2)  Extensional polymorphic higher-order logic has functional extensionality (as the
name implies), as the above rule can be derived from abs and eta as follows
. . . IFfa=ga
(z not freein f) ———————— eta  (z notfreeing) ——————— eta  (z not free in I') abs
FQz. fz)=f FAz.gz)=g 'z fz)=(Az.gx)
I'f=g

rewrite™

2.5(3) In the theory of the lambda calculus, abs is also known as weak extensionality (). It
is a widely-known result that weak extensionality (£) and eta-equivalence (1) are equivalent
to function extensionality [Barendregt, 1981, p.32].

2.6 Intensional Polymorphic Higher-Order Logic

2.6(1) The intensional polymorphic HOL will be defined by removing the rules abs and
eta (and their polymorphic-function equivalents #yabs and tyeta). This requires a number of
changes to the calculus.

2.6(2) Firstly, note that without abs, the applicability of the rewrite rule is restricted. The
rewrite rule can no longer be applied to rewrite any subterm which contains a bound variable
(this is related to the notion of weak A-reduction in [Caman and Hindley, I998]). Indeed,
the rewrite lemma now becomes

14
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F'Fs=t At u[s/z]
(z is free in u) rewrite

DA F ult/x)

using standard capture-avoiding substitution. The admissibility of the rules inst, ¢y-inst are
not affected by the intensionality.

2.6(3) Moreover, the removal of abs and tyabs results in a problem with the definition
of the universal quantifier, as the introduction rules for [V]; and [Vy] use abs and tyabs
respectively (Seciion A41). To address this, we add [V]; and [Vy,] as primitive symbols to

the intensional logic.

S, t,u,v = ...
| V] (forall)
| [Viy] (type-forall)

These symbols are associated with the additional rules

@aotinT) Py TCP e
I'Vz.p I'Hps
T - T F Y
notinT) Py TEMwlp VyE

THVYya.p °  TFppr]

2.6(4) Note that proving that this system actually is intensional is left as future work;
reasons why it might not be are if abs and efa could be derived from [V], [Vy,], [¢], or [=],.
One means of demonstrating such a result is to construct an intensional Henkin semantics
[Henkin, T950] for the logic.

15
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Chapter 3

Previous Work

3.0(1) In this chapter, we review previous work on extensionality translations, with a
particular focus on higher-order logics.

3.1 The Removal of Functional Extensionality by Translation

3.1{1) An interesting fact is that any HOL (without polymorphism or type variables) proof
that uses functional extensionality can be embedded into HOL without a functional exten-
sionality rule. This is proven by means of a logical translation between the theorems of the
extensional and intensional higher-order logics.

3.1(2)  As this result is generally useful, a number of variants has been produced [Takeufi,
[953; Gandy, 956, Cuckhardf, 1973; Kohlenbach, 2008; Rizkallah, Z0I09]. The first transla-
tion to demonstrate this results for higher-order logic was Gandy’s translation [Gandyl, [958,
which uses two mutually recursive relations to define an extensional partial-equivalence and
a predicate which verifies whether a term may be treated extensionally. A simpler trans-
lation was presented by Rizkallahl [2(109], which uses a single recursion to define a partial
equivalence relation.

3.1(3)  The crux of all these translations is a partial-equivalence acts like extensional
equality under certain assumptions.

Gandy’s Translation

3.1(4) The first translation is one by Gandy [I956], a translation from extensional to
intensional versions of Church’s Simple Theory of Types. The aim of this work is to reduce
a consistency proof of extensional HOL to that of intensional HOL, in that a proof of

16
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[Church, ISM-(,)]

[Takeuifi, [953)] J
/ [Gandyj, T956]
.
[Inl(‘.khardt, 197."{] \

\ [Rizkallak, 2009]

[Hofmann, 1995]
[Kohlenbach, 2008)| l

[Aitenkirch, 1999]

Figure 3.1: A sketch of the relations between the ideas in each paper

consistency of intensional HOL, along with Gandy’s translation, immediately allows one to
show that extensional HOL is consistent.

3.1(5) To see why consistency follows, imagine we had a proof of False in extensional
higher order logic, and that intensional HOL was consistent. Then, by the translation, we
could obtain some translated proof of False (conditional on the fact that False translates to
False) in the intensional HOL, violating consistency.

3.1(6) Gandy’s version of HOL is based on Church’s simple theory of types (the original
HOL), which is a classical higher-order logic defined by a Hilbert-system. The significant
differences from PHOLy, are as follows: it has only the types o, ¢, and 71 = 72, and contains
a primitive forall [V], disjunction [V], and negation [—]; the rest of the logical connectives
are defined in terms of these.

3.1{7) Intensional equality is introduced by defining Leibniz equality (that is, objects which
agree on all predicates are equal) with the following definition

[=]; £ As; t.. Vp.ps — pt.
Extensionality is introduced into the logic by defining the relation [E]T by induction on 7 as

E
[=l, £ Apg.pe—q
[E] 2\ f g. VacT.fx%gac

T=0
=], (primitive symbol)

where [=], is axiomatised to be an equivalence relation. (Note that this means that [=], can
be coarser than Lebiniz equality.) Finally, the logic is made extensional by adding the axiom

E
Vey.x=y — x=uy.

31(8) The main project of Gandy’s translation is then to define a translation (—)¥ such

17
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that
(Vo y.xgy—ma:y)F

is provable in the intensional system. To do this, Gandy defines a relation [g]T and a
predicate Mod,, by mutual induction over the structure of types.

o Lre—y Mody,z £z +—
o
azgy:xgy Modeéwa
L L L
f g géVxT.Modm%fJ:ggfL’
T=0 g

ModT:mfény.Modac/\Mody/\xgy—>Mod(fx)/\fngy

3.1{9) To give the intuition behind this construction, Mod is an extensional domain pred-
icate which is provable exactly when we are allowed to treat an object extensionally or not;
i.e. whether it’s in the domain of the extensional partial-equivalence.

3.1(10) Gandy defined the translation of a term as follows

2z (where z is a var)
G

8
o)
1> 1l

AX. 8
sG tG

—
” .
~

~— —
0

>

[—]

Note how [V] has a Mod inserted as a premise that needs to be proven. This restricts the
objects the forall can be instantiated with to those which behave extensionally.

3.1(11) Finally, Gandy’s translation says that if
'k s

GE

holds in his extensional HOL, then
Mod z1, Mod zs, . . ., Mod z,,, I'G = sG
(where FV (s) UFV(T') = {z1,2,...,2n})
in his intensional HOL. This implies that
(Vo y:z:gy —z=yF

holds, as Vz y. x 2 y —> = = y has no free variables.

3.1{(12) Gandy’s translation is one of the first translations of extensional HOL. The mu-
tually recursive definition of his extensional partial-equivalence is complicated, but allows
a separation between the concepts of being an extensional value, and being extensionally
equal.
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Rizkallah’s Translation

3.1(13) Rizkallah [2009; Brown and Rizkallah, 20T3] presents a translation from an exten-
sional, classical HOL to an intensional intuitionistic HOL. The proofs rules of the former are
specified using a tableau calculus, and the latter a natural deduction system. The translation
is achieved by combining a double-negation style transformation (a modification of Kuroda’s
classical to intuitionistic translation in first-order logic [Kuroda, [951]) and an extensionality
translation.

3.1(14) The main idea of the extensionality translation is, similar to Gandy| [[956], to define
an extensional partial-equivalence which simulates extensional equality in the intensional
logic. The extensional partial-equivalence is defined as follows

r=y2r+—y

r=y=Vp.pr—py

Sl (=~ 1=y

R R R
f = g&Veya=y— —(fz=gy)
T=0 T o

This definition removes the mutually recursive extensional-domain predicate found in Gandy’s

. . . , . R . .
translation. Instead, in Rizkallah’s translation, the formula x = x functions as the domain
predicate.

3.1(15) Terms are mapped in a similar manner to Gandy’s translation, however, double
negations are added on the forall due to the fact the translation is also mapping into an
intuitionistic HOL.

R 2 (where z is a var)

(Az.
(s

V)

~~

)R
)R

[

l

<

[
=

]R
R 2\f T ——(fRa)
}R

2

3.1(16) Theorems are mapped as follows: if
r }l{—E s
holds in extensional, classical HOL, then
T =T1,T2 =T2,...,Lpn = xn,FR,—'sRL—IJ_
(where FV (s) UFV(T') = {z1,2,...,2n})

holds in intensional, intuitionistic HOL.

3.1{17)  Focusing on the extensionality transformation, this translation represents a useful
simplification over Gandy’s method, removing the mutual recursion. Rizkallah in particular
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points out that the translation of extensional equality into the intensional extensional partial-
equivalence is a partial equivalence relation, for which reflexivity on terms holds only when
every variable in that term can be proven to be reflexive.

3.11 Extensionality Translations in Type Theory

3.1(18) Extensionality translations are also a well studied area in #ype theory [Altenkirch,
[999; Hotmann, [995; Barthe ef all, Z103]. In this area, ways to remove extensionality from
a type theory are valuable as in extensional type theory, equality and type-checking are
undecidable, and introducing an axiomatic extensionality to intensional type theory allows
the construction of terms do not reduce to constructors of their type.

3.1{19) These translations are formulated in terms of sefoids and partial setoids, which
perform the function of the partial-equivalences used in Gandy’s and Rizkallah’s translations.
A setoid is a collection of objects, called the carrier, along with an equivalence relation on
the elements of that set, called the book equality for that setoid. A partial setoid is like a
setoid except it has a partial equivalence relation, that is, an equivalence relation without
reflexivity. A structure preserving map from one (partial) setoid to another is a translation
of equality.
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Chapter 4

Translation

4.0(1) In this chapter we develop a translation from PHOLg, to PHOL. This translation
removes functional extensionality from the logic, and demonstrates an embedding of proofs
making use of extensionality into a logic without it.

41 Definition of the Translation

411 The Translation of Terms

4.1(1)  The translation of terms is conceptually very simple, but contains several tricky
components. On terms of PHOLg,, the map (—)*® acts in the following manner

(/7\—567— s)® Z )\;T. s®
(st)® 2 st
(Aa. 5)* = Aa.s®
(s[r])* = s*[7
= = =

this simply replaces every equality of PHOLg,, with the symbol [=]..
41(2) The symbol [=] _ represents an extensional partial-equivalence defined in PHOL;
that is, a binary relation on terms [=|_: 7 = 7 = o that is transitive and symmetric, but not
necessarily reflexive. This extensional partial equivalence acts like equality with functional
extensionality under certain assumptions, but is defined in such a way that it does not add
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any new theorems or terms to the logic.

41(3) The [=]_term is defined by recursion on the type 7 of its argument, as follows

E, 2

=], = [=l

[é]T1:>T2 L2 Ng Veyr=,y— fr=,g9y (forzand y not free in f and g)
Fe. ., = Mg Yy E(@) — f o] =7 g [ (for « not free in f and g)
=]

(primitive symbol)

Q

41(4) For this to work, we must amend the terms of PHOL with a new symbol [=]_,
defined for each type variable . The reason for this addition is that our translation must
respect type-substitution—that is s°*[7/a] must equal (s[7/a])®, but nothing in the logic
allows us to express this. To ensure the safety of this addition, this symbol is undefined, in
that no proof rule refers to it explicitly. Note that this constitutes a significant difference to
earlier translations—such as Rizkallah’s [RizkallaH, 2009]—where [=] never occurs in any
concrete translated theorem.

41(5) To ensure the translation respects type-substitution, the symbol [=] , has an interac-
tion with type-substitution. When a type is substituted for «, [=], reduces in the following
manner

[=lalo/a] = =,

[Elalt/a] =[],
Elaln = m/o] £ 5,
[=laMe. 7/a] =[S, -

[=lalB/a] = [Fg

4.1(6) On booleans (0) and individuals (¢), [=] is simply the basic equality of HOL without

functional extensionality.

41(7)  For functions (1; = 7), two functions f and g are considered equivalent by [=]
whenever, given two inputs which are extensionally partially-equivalent, the results of their
application to f and g are extensionally partially-equivalent. This is essentially the principle
of functional extensionality, but stated explicitly anywhere it could be used.

4.1(8)  On the polymorphic type (Ila.. 1), the left and right terms, s and ¢, are considered
to be extensionally equivalent when they are extensionally equivalent for all type variables «

for which [=],, is reflexive, transitive, symmetric, and where [=| , is extensionally equivalent
to itself.

4.1(9) These requirements are collected into the formula £(«), defined as the conjunction
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of the equations

(Va: Y. T éa y—y éa :c) (symmetric)
(V:B Y2.0=q Y —Y =q 2 — T =4 z) (transitive)
(Ela: T =q :c) (existence of a reflexive term)
( =a=a=o [é]a) (extensionally reflexive)

4.1(10)  Furthermore, we overload £ to types and terms. On types, £(7) is simply the
multiset of free type-variables in 7. On terms, it is simply

£(s) = f€(a) [a € FViy(s)}

4.1(11) To make this definition work for in the final translation, we also need another set
of formulas R, that is the collection of all reflexive equivalences on the free variables of a
term.

R(s) £ {z = o |2 €FV(s)}

4.1(12)  The final translation takes a theorem of PHOL,
I' Fphor,, s
to the theorem of PHOL
E(*),E(s%), R(I'"*), R(s*),I"* Fpuor s*

41(13) A useful specialisation of this to note is when s is t; =, ¢2. Note that £([=] ) =
E(7), as the only free [=], in [=]_are the free type variables in 7, and R([=],) = 0, as
there are no free variables in [=] .

E(T®),E(r), £(1),£(t3), R(T*), R(1), R(t3), T'* Fpuow ] = 3

4.2 ‘'Translation Lemmas

4.21 Respects Substitution

4.2(1)  An important property of the translation of terms is that it respects substitution.
This implies that a substitution inside a translation is equivalent to a substitution outside
a translation, which allows for the interchange of substitution and translation. These lem-
mas are important for proving the correct translation of inst, tyinst, beta-equivalence, and
generally anywhere where a substitution occurs under a e.

4.2(2)  The following theorems can be shown by induction on s: for term substation,
(s[t/x])® is the same as s*[t*/x] (subste, BZZ1); and for type substitution, (s[7/a])® is the
same as s*[7/a/]. (tysubste, BXD)
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4.2.2 Respects Rewriting

4.2(3)  As the translation respects substitution it also respects rewriting (B23); that is

F'Fs=t AF(e[s])*
LA F (eft])®

rewrite

(here we overload the rule-name rewrite for convenience) The validity of this can be proven
by noting that e®[t®] is (e[t])® by subste. This rule justifies, among other things, the use of
beta underneath translation, as ((Az. s) t)® =, s®[t*/z].

4.2.3 Dropping Unused Translation Antecedents

4.2(4)  When showing that the translated rules are provable, some rules—for example,
trans, mk-comb, eg-mp—pose a problem, as their hypotheses may contain more variables
than their conclusion.

4.2(5)  This causes a problem as the translation adds the additional antecedents R and
& which use the variables in a theorem. In order to correctly obtain the conclusion, these
additional antecedents must be eliminated in some manner. If this step is not performed,
each translated theorem would become dependent on the manner by which it was proven.
Note that this cannot be solved by an application of weakening, as weakening adds extra
antecedents to the conclusion, not the hypotheses.

4.2(6) The solution is to instantiate these leftover antecedents with more concrete terms
and types for which R and £ are true. As the variables don’t appear in the conclusion, such
an instantiation does not affect it. This is why R and £ are assumed for the antecedents
as well as the consequent of each theorem. Without these additional antecedents, some
antecedents would be changed by this instantiation step.

4.2(7) These proofs will require finding terms for R which are always reflexive—we call
these terms Z,—and finding a type for which £—this is simply o.

Reflexive Terms

4.2(8) Terms for which R is true can be constructed as follows. Define the term Z; by
recursion on its type

Zo =T

7, =z (for some z in ¢)
Treso 2 M0, 74 (where z ¢ FV (Z,))
Zite. » = Aav. Z-

A .
Lo =€2.2=q 2
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Note that this construction depends on the fact that the ¢ type is non-empty, which allows
us to pick a z for .. Moreover, the a case uses indefinite description to specify “the term
z which satisfies z =, 2z”. This works because the £ antecedents for a include 3z.z =, z,
which allows the construction of such a term.

4.2(9) Under the assumption of £ for the type of Z, this term can be proven reflexive; that
is

reflZ
ETMV 2 = 7y

The proof is by induction on 7; the full proof can be found in Subsecfion B3,

drop-unusedR
4.2(10)  The rule drop-unusedR (BZ2H) is

_ ~ o R@),TEp
@N(FVIT)UFV(p)) =0 m drop-unusedR

This rule states that R antecedents on variables which do not occur anywhere else in the
theorem may be reduced to £ on those variables.

4.2(11) The proof proceeds by constructing a substitution 6z, which substitutes Z, for
every x, in Z. By inst, we can show

R(T)[0z), '0z] - p[07]
and, as no variable of Z occurs in I' or p, and by unfolding the definition of R, this theorem

simplifies to
{2, =7; |z, €z}, T Fp.

4.2(12) Using the theorem reflZ, under the antecedents £(), every member of
{2, =7, |z, €T}

is true, and thus all these antecedents can be removed by repeated application of ante-subst.
This completes the proof of drop-unusedR

drop-unused&

4.2(13)  Similarly to drop-unusedR, we also require a theorem to drop £ antecedents. The
rule drop-unused (BZZ8) is
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_ £@),T'Fp
@nN (FVi(T) UF Vi (p)) =0) T drop-unused&
p

4.2(14) The proof of this lemma depends on the theorem (B=27)
= &(a)[o/al

that is, [=] , is reflexive, transitive, symmetric, and moreover that [=]
are all derivable by unfolding the definitions of [=].

o —o0=0=0 |=|,. These

4.2(15) Then the proof of drop-unused follows in a similar manner to the proof of drop-
unusedR. We construct the substitution ¢,, which substitutes o for each variable in @. By a
similar argument to drop-unusedR, each of these antecedents can be proven unconditionally,
and removed by ante-subst.

4.2.4 Symmetry

4.2(16) If £(7) then the [=] relation is symmetric. This can be show by induction on the
type 7 (see Subsecfion B774).

IkFs=,t
LE(T)Ft=:s

sym=

Note that this is stronger than the theorem obtained by translating sym, as no R is needed.

4.2.5 Translation of the Connectives

4.2(17)  Another intermediate result is that the translation preserves the connectives. This
is needed for the rules select-ax and infinity-ax. These results only hold when the connectives
are fully applied. A statement of the results can be found in [Figure 4.1, and full proofs are
detailed in Subsecfion B7Y.

4.2.6 mk-comb= and tyapp=
The rules

FFs= ot AFu=,v . I s®=p, ,t°
mk-comb= -
DAFsu=ptv [LE(a) b s® [a] = t° [

holds in PHOL. The proof of these rules (B=210, B=ZTI) follows by unfolding [=] on 71 = 7
and Ilo. 7.
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T = T

FlpAg)® =op"Ng"

Flp—4) =0 — ¢
F(Vo.p)® =, Vo.2 = 2 — p°)
F(3x.p)® =, (Fv.2 =, z — p°)
FpVa)*=op"Vy

F1®=, L

F(=p)* =0 —p°

F (Vya. p)® =, (Vya. E(a) — p)°

Figure 4.1: Connective Translation Theorems in PHOL

4.2.7 The Substitution Lemma

4.2(18)  Perhaps the most critical result of the translation is the following lemma about
substitution (see also Eubseclion B T). To state it, we first define the function R as

R(s,0,,0,) = {[0)] = z[0,] | x € FV(s)}

This function, when given a term s and two substitutions of terms ; and 6,., generates the
multi-set of propositions (one for each free variable in s) that assert that for every variable
in the term s, the term x[0;] is extensionally partially equivalent to the term z[6,]. Note that
when these substitutions are empty, this devolves to R(s).

4.2(19)  Given this function, the substitution lemma is stated as follows

Lemma 4.2.1 (The Substitution Lemma). If's does not contain [=|, except on o and i, then

subst. lemma.

E(s),R(s,0,,0,) F s[0;] =- s[6,]

4.2(20) What this says is that, if every variable is extensionally partially-equivalent under
the substitutions, then any larger term formed from these variables will result in extension-
ally partially-equivalent terms when the substitutions are applied.

4.2(21) Note that the translation (—)® removes all [=] except those on o and ¢, which
means that when s is of the form t°, the side condition is satisfied. Further, note that on the
empty substitution, R devolves to R.

4.2(22) The proof proceeds by induction upon the term-structure of s. Firstly, the variable
case follows immediately by the assumption of equivalence in fR.

4.2(23) In the lambda case, it is easiest to reason backwards from the goal, which breaks
into four sub-cases, depending on whether z is in Vars(;) or Vars(6,). If a/z is in 6,
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we rebind 6; as (6;,a/z) = 6;. Then (Az. s)[0;,a/z] = (Az. s[0]) by the definition of
substitution; if b/z is in 6,, then we perform a similar step for 6,. In all cases, by this
rewriting, the goal is then

E(s),R(Az. 5,0,,0,) = (Az. s[0)]) =r=r (A2. s[0:])

4.2(24) By unfolding the definition [=], and applying VI and — I, we obtain the goal
E(5), ROz 5,0,0,), 7 2y y b Nz 5[01]) & 2y (A 5[6,)
The key step here is to realise that this is beta-equivalent to

5(8),%()\2. 579179r)7z[0l7x/2] é’Tl z[el,y/z] - 3[9[,33/2] érz S[Qr,y/z]

4.2(25) Considering the definition of R

R(s, (00, 2/2), (0r,y/2)) = 2[00, 2/ 2] =r, 2[01,y/7]

and so we obtain the goal

8(5)7 %(57 (917 .I'/Z), (97“7 y/z)> - 3[91; x/z} éTQ S[era y/z]

which is provable from the induction hypothesis.

4.2(26)  The application case is fairly simple. Note that (s t) is £(s) U £(¢), and
R(s t,0;,0r) is R(s, 0;,0,) UR(, 6;,0,). This means the goal is equivalent to

E(s),E(t), R(s,0,0,),R(t,0,,6,) b s[0] t]6)] =+ s]6;] t[6]

By an application of mk-comb= (EZBEZT0), this reduces to two smaller cases, which are
solved by the induction hypothesis.

4.2(27)  The equality case is tedious, but straightforward. By the precondition, we only
need to consider [=], and [=],. Abstracting over o and ¢ with , we note that [=], has no
free variables, so the goal to prove is

[:]x ~o=o0=0 [:]X

By expanding out [=],__ ,_ , this reduces to
Yoy =y Y1 — (V2 yo. 22 =x y2 — (21 =x 22) =o (41 =x ¥2))

which is fairly easy (but tedious) to prove from the introduction rules, sym, and trans.
4.2(28) The [=], case follows almost directly from the definition of &().

4.2(29) The type-lambda case can be shown by reasoning backwards from the conclusion.
Firstly, note that if o occurs in 6; or ,, we must alpha-rename A«. s to some variable that
does not. Having done this, we may interchange substitution and A, to obtain the goal

E(Aa. s),T F (Aa. s[0]) =11a. » (A s[0;]).
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4.2(30)  Unfolding the antecedent [=] on Ila. and applying the introductions to obtain
the goal

£(Aa. ),E(a),T F (Aa. s[61) o =, (Ao 5[6,]) o
Nothing that £(Aa. s),E(a) weakens to £(s), we can then produce
E(s) F 5[0, = s[6)]
which is provable by the induction hypothesis.
4.2(31) We prove the type-application case by first noting that R(s [0, 0;, 0,) is R(s, 6;, 6,)

and that £(s [:0]) weakens to £(s). By these facts, and the definition of substitution, we
simplify the goal to

E(s),R(s,00,0,) F s[0)] [0 =: s[0,] [:07]

which, after applying tyinst=, follows by induction hypothesis.

4.3 Correctness of Translation

4.3(1) As discussed in Secfion 29, the correctness of the translation breaks down into two
directions, the validity of the translated theorem, and the non-triviality of the translation.

4.3.1 Translation Validity

4.3(2)  Recall that to show translation validity, we must show that assuming the source
theorem

I' Fpror,, s
the translated theorem
E(I*),E(s%), R(I*), R(s*), I* Fprow s°
is provable.
4.3(3) The proof of translation validity proceeds by induction over the derivation of the
source theorem, and then further by either induction on the type of an equality, or a direct

derivation. Full proofs in natural deduction style are given in Subsecfion CT1. This section
contains a prose explanation of these derivations.

4.3(4) Firstly, recall the rules of PHOL,
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Structural

assm
pkp

I'kp A AbEp
weaken ——~ contract

I''AkFp I''AkFp
Equality
I'ks=t AFrt=u

fl trans
I—stre F,AFS:U

I'kFs=t Atru=w
mk-comb beta
LAFsu=twv F(Az. s) t = s[t/x]

(z not in I') Ihs=t abs (r not int) ———  eta

L' (Az. s) = (Az. t) FQx.tz)=t

I'Fs=t a beta
ks r]=t[7] 2P F (Aa. s) 0] = s[o/a] oybet

(o not in I") IFhs=t tyabs (a not in f) tyeta
I'F (Aa. s) = (Aa. t) FAa. f o) =f
'ts=,t AFbFs I'gkp A,pkg
eq-mp deduct-antisym

F,A}—t F,Al_p:oq

Axioms

(x not in p) select-ax infinity-ax
Fps—p(ex.px) F3(f:v=1).inj f A—-onto f

4.3.2 The Structural Rules

4.3(5) The structural rules of assm, weaken, and contract are very simple direct proofs from
the same rules in PHOL.

4.3.3 refl

4.3(6) The admissibility of the translated version of refl

follows from the substitution lemma Snbsection 277 (BZ212), as on an empty substitution,
the antecedents become £(7), E(s*), R(s®).
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4.3.4 trans

4.3(7)  The translated rule for frans is an extremely fiddly proof. To begin, we prove a
generalised form of the translated rule: trans=

E(1),E(,s,1),URy, T Fs=,t &E(1),E(As5,t),UR,AFt=1u
E(r),E(T A s,u),T,AFs= u

trans=

where UR;e is defined as
URse = R(FV(t*) —FV (T, A, s%,t%)).
The proof proceeds by induction on 7.
4.3(8)  On the basic types o and , the proof is by unfolding the definition of =, applying
the trans of PHOL, then removing the unnecessary antecedents using drop-unusedR and
then drop-unused€.
4.3(9)  The hardest case is the proof for function types 71 = 73. Reasoning from the
hypotheses, by unfolding the definition of [=] and eliminating the connectives, we can
derive
Et), URy, E(12),E(T1 = 12),E(T,s),E(t), URy,T,o =, yF sz =ty
and
S(t), URt7 5(7_2)7 E(Tl = 7—2)7 g(Av ’U,), Av Y éﬁ Y i Y é7'2 uy
4.3(10) Applying the induction hypothesis (and contracting) produces
E(m2),E(m1 = 1), E, A s,u), T Ao = y,y =5, y s =, uy

which is nearly in the correct form to produce s =, —,, u; however, there is a lingering
y =, y antecedent which must be removed.

4.3(11) To remove this antecedent, we use anfe-subst with the following lemma.

5(7’1),1‘ £7'1 yry £T1 Y.
This lemma can be derived by using the induction hypothesis on y =,,  and x =, y, which
are derivable by contraction and sym= (E-24). This step is what necessitates the generalised
rule.

4.3(12)  After removing this antecedent, we now have the theorem

E(m),E(m = ), E(T, A s,u), T, Az =, yFsz =, uy
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from which it is simple to produce the required conclusion by the application of the intro-
duction rules and the definition of [=].

4.3(13)  For the polymorphic function types, reasoning for the assumptions, by unfolding
[=] and eliminating the connectives, we obtain the theorems

E(t [a]), UR oy, E(7),E(L, s [a]), T, E(a) F 5 o] =7 t [r]

and

E(t [ai]), URy fag, £(7), E(A u []), A, E() F t fe] =7 u [a.
Applying the inductive hypothesis, we obtain
E(t [a]), URypag, E(7), E(L, s [a]), E(A, u [ar]), AT, E() F s ] =7 u [
which, by connective introductions and the definition of = produces the required conclusion.

4.3(14) For the type-variable case, reasoning forward we use the hypotheses
E(t),UR: E(a),E(T,8),T'Fs=4,t

and

E),URy E(a),E(Au), At =4 u

to discharge the assumptions of

E(@FEVYzyz.x=qy—y=az—T=42

4.3(15) Cleaning up the antecedents with contract, this results in the theorem
E(t), URy, E(a), E(T, A u),E(T, A, 8),T,AF s =, u.

Using drop-unusedR, we can reduce UR; to £(UR;). This is absorbed by £(¢), which can
be reduced to UE; by contract, which may be removed by drop-unusedE. This results in the
conclusion.

4.3.5 mk-comb

4.3(16) The translation of mk-comb is a direct proof from the translated terms. The trans-
lated rule is
E(r1 = 1), E(T*,5%,t°), R([*,s%,t°), Tk s* = ot E(11), (A%, u®,v*), R(A%,u,v®), A% F u® =, v*
E(2), E(T*, A%, (s w)®, (tv)*), R(T*, A%, (s w)®, (tv)*),[*, A% F (s u)® =4, (tv)*

4.3(17)  The proof (CI7) proceeds by using the lemma mk-comb= to obtain the theorem

8(7'1 = TQ),E(TQ),(‘:(F.,A.,S.7U.,t.,U.),R(F.,A.,S.,U.,t.,’l}.),r.,A. - S. U. é‘r? t. ’U..
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The only significant difference between this theorem and the desired conclusion is the pres-
ence of £(1; = 72). This assumption may contain more antecedents than are present in the
conclusion. These are removed using drop-unused€ (B28), which instantiates any unused
type-variable with o, for which £ holds tautologically.

4.3.6 beta

4.3(18)  The translated rule for beta is

E(7),E(((Az. 5) 1)%, (s[t/2])*), R((Az. 5) )°, (s[t/])%), F ((Aw. ) 1)* =+ (s[t/a])®

4.3(19) The proof of correctness of translation (see also Bubsecfion CT8) proceeds as

follows. Reasoning in reverse, by the definition of R and &, ((Az. s) t)® is equivalent to

(Ax. s*) t* by definition, and (s[t/x])® is equivalent to s*[t®/x] by subste. Then (s[t/z])®

can be expanded by rewrite and beta to (Ax. s*) t* which produces (with weakening)
E(T),E((Az. s°) t*), R((A\x. s°) t°) F (A\x. s*) t* =, (\x. s°) t°

which is provable by refle

4.3.7 abs

The translated rule is

( ti 1—\.) 5(72)75(F.7S.7t.),R(F.7S.7t.)7F. Fs® éTz t* b
z not in abse
E(m = 1), E(T®, (A2. 5)®, (Az. £)*), R(T*, (2. 8)*, (A2. 1)*),[* F (Az. 8)® =7, =py, (N2. 1)®

4.3(20) Reasoning in a forward direction, we apply ins¢ to the assumption to obtain

E(mo)|z/2],E(T®, %, t%)[x/z], R(T®, s%,t%)[x/2], T°[x/z] b s°[x/z] =, t°[x/z]
and then use the definition of £ and R to simplify this to
E(m2), E(I, 8% [x/2],1°[w/2]), R(I*[2/2], s°[x/ 2], t°[w/2]), ¥ [ /2] b= s°[w/2] =o, t°[2/2].
Noting that 2 is not in I'* (as z is not in I'), this further simplifies to

E(12), E(I*, %[/ 2], 1%/ 2]), R(L®, s°[x/ 2], 1% [/ 2]), I'* - s°[w/ 2] =r, 1°[x/2]
which is, by beta and contract is

E(12), E(T*, (A2 %)), R(C*, (Nz. t*)),T* x = x = (\z. s°) @ =,, (\2. t°) .

4.3(21) The next step is to derive the theorem

E(11),E(m), EAx. t°), RAw. t*), 2 =1, y = (M2. t*) & =5, (N\2. t°) v.
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This follows from mk-comb= and refle on (\z. t°).

4.3(22) Then by trans= we can obtain the theorem

E(11),E(m2), E(T°, (Az. 5°), (A2 %)), R(T'*, (Az. 5°), (Az. t*), %z =, y,z =, o+ (Az. s°) z =, (M\2. t°) y.

Before continuing we must eliminate x =, z, which can be achieved—in a similar manner
to the proof of trans—by proving the theorem

E(n)yx=rybtoz=qx
using trans=, sym=, and then applying ante-subst.

4.3(23) Finally, by appeal to the connective introduction rules and the definitions of £ and

E(r = 1), E(L%, (2. 5%), (A2 1), R(D*, (Az. 5%), (A2 £9)), T F (Az. 8°) =510ry (A2 £°)

which is the desired conclusion.

438 eta
4.3(24) The translated rule for efa is

(x not in t°) etae
E(r = 1), E(Az. t* 2),t°), R(A\z. t* x),t*) = (A\z. t* x) =1 =y t°

The proof of the translated rule for eta proceeds by direct proof.

4.3(25) Reasoning from the goal, we unfold the definition of [=|, apply the connective
introduction rules, and weaken to obtain

E(m = 1), E(t°), R(t°), y1 =7, y2 - (Az. t° @) y1 =1, £° 2

By beta, (\x. t* x) y1 is equivalent to t* y;, which can be broken up by mk-comb= (E28,
B™2T0) into the goals

Y1 = Y2 Y1 =5 Y2

which follows by assumption, and
E(m1 = 1), E(t°), R(t%),y1 =r, o H1° =1 5py t°

which follows by refle
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4.3.9 tyapp
4.3(26) The translated rule for ¢yapp is

E(Iev. ), E(T*, s%,t%), R(I'®, s%,t*), ', F s* =14, + t°
E(1),E(T, (s [a])®, (¢ [])®), R(T®, (s [])®, (t [])®), T (s [a])® = (t [:])®

4.3(27) To prove this, we use the generalised #yapp= (B=21)

'k s* éAoz.'r t*

£(a),TF s* [a] =, t* [a] tyapp=

which follows by unfolding the definition of = on polymorphic functions, and performing
routine elimination steps on the connectives.

4.3(28)  The proof of the translated rule (CI), is fairly simple. Firstly, application of
tyapp= to the hypothesis produces the theorem

EMa. 7),E(a), E(T®, 8%, t%), R(T®, s°,t*),T° - s° [a] =, t* [ar]].
The next, slightly subtle, step is realising that £(Ila. 7) implies £(7). By cases: if FVy(7)
contains «, then we may use weaken to generate these antecedents; if it does not, then

E(Ila. 7) is equal to E(7).

4.3(29)  From this, the final steps involve manipulation of the £ and R antecedents and
rewriting by the definition of e.

4.3.10 tybeta

4.3(30) The translated rule for beta is

E(7),E(((Ax. 5) 1), s[t/x]), R(((Az. 5) 1), s[t/x]), b= ((Ax. 5) 1)® =7 (s[t/z])*®

4.3(31) The proof of the admissibility of this rule is as follows (see also Bubsecfion CTTJ).
Reasoning in reverse, by the definition of R and &, ((Aa. s*) [:0])® is equivalent to
(Ac. s*) [:0f] by definition, and (s[o/a])® is equivalent to s®[o/a] by tysubste. Then
(slo/a])® can be expanded by rewrite with #ybeta to (Aa. s*) [:o:] which produces (with
weakening)

E(1),E((Aa. ) [:0]), R((Aaw. 5) [o]) F (Aa. 8°) [:0] =7 (Aa. s*) [0

which is provable by refle.
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4.3.11 tyabs

4.3(32) The translated rule for tyabs is

E(1),E(T*, 5%, t%), R(T*, 5% t*), T I s* =, t*
(a not in I'®) tyabse
E(lla. ), £, (Aaw. 5)*, (R 1)), RAT*, (Aa )%, (At )%),* - (Aaw 5)° “na» (A 1)°

4.3(33) Starting from the hypothesis, first note the following argument: the antecedents
E(s®) implies the antecedents £(Aca. s*),E(a) (and similarly for ). The proof for this
is as follows: If s contains the free variable «, then £(s°®) implies £((Aa. 5)*),E(a) by
contraction. If s does not contain the free variable «, then £((Aa. 5)°®),E(a) follows by
weakening.

4.3(34) By this argument, and by further noting R(s*®) is the same as (Aca. s*), we may
derive

EMa. 7),E(a),E(T®, (Aa. s°), (Aa. t*)), R(T®, (Aaw. 5°), (Aa. t°)), T - s* =, t*

4.3(35) From this, by —7 and Vy,J, we can derive

£(Ma. 7), £, (Aa. s°), (Aa. £*)), R(T*, (Aa. 5%), (Aa. £2)),T® F Vya. £(a) — (Aa. s°) [ad =, (Aa. £*) [o]

There is one subtlety to this, which is that Vi, requires « free in all the antecedents; this
reduces to the fact that ‘«c is not it I” from the definitions of £ and R.

4.3(36) Having done this, by the definition of [:] on polymorphic types and the definition
of e, we have produced the required conclusion. A full proof can be found in Snbsec]
Bon CTT3.

4312 tyeta

4.3(37) The translated rule for tyeta is

(o not in f*) - tyeta
E(Ma. 1), E((Aa. f* [a]), ), R(Aa. f® [a]), f*) F (Aa. f* [«]) =110, + [*

4.3(38)  Firstly, note that, because o does not occur in f, it also does not occur in f°,

because (—)® preserves type variables.

4.3(39)  Working backwards from the conclusion, R(Aa. f* [:a]) can be simplified to
R(f*), and E((Ac. f* [:])) can be simplified to £(f*), because o does not occur in f°.

Simplifying the antecedents with weakening, we obtain the goal

EMa. 1), E(f*),R(f*) F (Aa. f* [a]) =110 + f°
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4.3(40)  Unfolding the definition of [=] on polymorphic functions, and reducing the con-
nectives with —I and VI, we further reduce the goal to

EMa. 7),E(f*), R(f*),E(a) F (Aa. f° [a]) [a] = f* [

The Vi1 is safe, as a does not occur in £(Ila. 7), and not in f®. By tybeta and the fact that
« does not occur in f*, this is equivalent to

EMav. 7), E(f°), R(f°), E(a) F f* o] =7 f° o]

4.3(41)  Finally, using the facts that £(Ila. 7), & () produces £(7), E(ar) by contraction,
E(f),E(a) is equivalent to E(f [:«v]), and R(f) is the same as R(f [:az]), we may rewrite

the antecedents into the correct form to apply refle, which completes the proof.

4313 eq-mp

The translated rule for eg-mp is

ET®, 5% %), R(T*, %, t°),T* b s* =, t*  E(A®,5°), R(A®,s%), A® | 5°
E(T*, A% %), R(T*, A%, %), T A* - t*

eq-mpe

4.3(42) Reasoning from the hypothesis, as [=] is just [=], it is quite simple to obtain—by
application of eg-mp and contract—the theorem

E(s*),R(s*),E(I*, A% t*), R(I'*, A®,¢%),T*, A® F¢°

However, this has the antecedents £(s®) and R(s*®), which must be removed to show the
conclusion of the rule.

4.3(43) Recalling the drop-unusedR lemma (9, BZH) we divide R(s®) into the propositions
also found in R(I'*, A®,t*), and those which aren’t. The former can be contracted away,
leaving only the ‘R-antecedents of variable which occur only in s°; call these URe.

4.3(44) Applying drop-unusedR, we remove these antecedents, but are left with E(UR )
(by the rule) and £(s°®) (from earlier). Doing a similar move to before, we can split these £
antecedents into those shared with other antecendents, which we contract away, and those
which aren’t.

4.3(45) Finally, we remove these antecedents using drop-unused (I2, B28), which produces
the desired conclusion.
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4.3.14 deduct-antisym

4.3(46) The translated rule for deduct-antisym is

E(T*,p%q%), R(T*,p%, %), I%,¢" Fp*  E(A®p% ¢%), R(A®%,p%,¢%), A%, p* I ¢°
g(F.7A.7p.7q.)1R(F.7A.7p.7 q.)7r.7A. }_p. o q.

deduct-antisyme

The proof of this is quite simple, and follows directly from deduct-antisym in PHOL, contract,
and the definition of [=],.

The Axioms 4.3(47) The axioms are quite simple. The translation of select-ax is
proven simply by applying the connective translation lemmas (8-25, B2Z4). The translation
of infinity-ax is only slightly more complex; the proof requires realising that - (f =,—., f)
and T — p = p, which simplifies the connective translation lemmas for [V] and [3].

4.3.15 Non Triviality

4.3(48) To show that the translation is non-trivial, we need to show that if
ET*),€(s%), R(I*), R(s*),I'* FpuoL s°
holds in PHOL, then any theorem it could have been translated from

I Fpror,, S

holds in PHOLg,,.

4.3(49) The proof of this is conceptually quite simple. Firstly, we define a ‘reverse transla-
tion’ (—)°

(A\z.s)° & Az s°
(st)° 2 soq°
(Aa. s)° £ Aa.s°
(s[m])° & s° 7]
(=) = =
(Eo) = [Ea
(V) = ¥,
(Vyl)® = ¥y

This function maps PHOL terms back into PHOLg,, turning equivalent terms to equivalent
terms. On the new symbols [V], and [Vy,], it maps them to their definitions in PHOL,, and
on [=]_,—the only [=] which remains after translation—it maps it back to the extensional
equality [=],.

4.3(50) The following theorems hold (proofs are in Secfion C7)
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* In PHOLg,, s*° = s (this is proven by induction on s);
e If I" Fpyoy, p is a theorem of PHOL, then I'° }_PHOL&, p° is a theorem of PHOLy;,,.
* In PHOLg,,, R(Z)° and £(T)° are tautologies; and

From these three theorems, non-triviality of the translation can be derived as follows

R+ o E(T*),E(s%), R(T*), R(s*),I'* FpuoL s°
F* E(T%)°, £(s°)°, R(T*)°, R(s*)° E(T%)%,£(s)°, R(T)°, R(s*)°, T*° Fpriore, 5°°

I'*° FpuoL,, s*°

subsystem

ante-subst*

rewrite + translate-reverse-eq-id
I FproL,, S

4.3.16 Conclusion

4.3(51)  With these two proofs, the correctness and non-triviality of the translation has
been shows. This means that proofs in PHOL,, including those that use extensional rules

such as efa and abs, can be translated into equivalent theorems in PHOL with the [=],
symbol—an intensional logic.
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Chapter 5

Conclusion and Future Work

5.0(1)  This report has presented a translation from extensional polymorphic HOL to in-
tensional polymorphic HOL, and proven its correctness and non-triviality. This extends the
state of the art in extensionality translations for higher-order logic [Gandyl, [958; Rizkallah,
2009; Brown and Rizkallah, 20T3], which have only handled higher-order logics without
polymorphism or type-variables.

5.0(2)  Proofs of the consistency and completeness of the logics used in this report are
future work. I expect them to be consistent and complete, as they are minor deviations
from HOL2P—the removal of some types, the addition of the structural rules, ¢yeta, and
the connectives [V], and [V, |, and a slight change to the rule deduct-antisym; however,
confidence is not certainty. These proofs would most likely require the use of Heinkin
semantics [Henkin, [950)], similar to the consistency proofs of HOL2P [Vélker, 2007).

5.0(3) Despite proving that the translation is correct—that is, the translated proof rules
that define the logic are admissible—and non-trivial—that is, provable translated theorems
must have come from provable theorems from the source logic—the translation is not a true
embedding into the logic PHOL because the translated terms include the additional symbol
[=],- This symbol is needed to define the extensional partial-equivalence by induction on

types.

5.0(4) If the logic was extended with a function with type-dependent evaluation (that
is, reduced to different values depending on the type it was given), the symbol [=]  could
instead be defined in the logic. (Whether such a logic could even be consistent is another
question that would need to be answered.) Further in this research direction, if a function
which allowed term-dependent evaluation was added to the object-logic (for an example
of such a term, see the intensional lambda calculus of Jay [2019]), it is possible the entire
translation could be embedded into the logic.
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Extension to Other Logics

5.0(5) This work has extended the extensionality translation to a polymorphic HOL based
on HOL2P [Valked, 2007], which adds consistent type-polymorphism to higher-order logic
by using ranks. HOL-Omega [Harrison, 2009Y] is an extension of HOL2P which uses natural-
number ranks, which increases the expressivity of the logic. I conjecture that the structure of
the translation presented in this work should be extensible to HOL-Omega, but this would
need to be proven.

5.0(6) Extending the translation to type-constructors or type-operators, which are present
in HOL2P—but were not included in the polymorphic HOL of this report for simplicity of
the logic—is another possible extension.

5.0(7) A critical assumption in this translation—and indeed in the translations of Gandy,
[T956] and Rizkallah [2009]—is the non-emptiness of types. This allows the definition of the
reflexive term Z; which is critical to the drop-unusedR lemma. An interesting question is if
there is a way to extend the translation to systems with empty types, or if such a translation
is impossible.

Prove the Translation Correct in a Theorem Prover

5.0(8)  Another line of further research is to prove this or other translation results in a
theorem prover. This would require an embedding of the two polymorphic higher-order
logics in a theorem prover, which would be a significant undertaking. Similar work in
embedding HOL Light into itself has been performed by Kumar_ef-all [Z01f].
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Appendix A

A1l Polymorphic HOL

We defined two systems, extensional and intensional higher-order logic.

A1l Extensional Polymorphic Higher-Order Logic

Syntax
Kinds
K = *g (small types)
*| (large types)
Types
Ti=o0 (propositions)
| ¢ (individuals)
| 71 = T (functions)
| a (type variables)
| . 7 (type polymorphism)
Terms
s, tu, v = x, (variables)
| Az, s (lambda abstraction)
| st (application)
=) (equality)
| Aa. s (type abstraction)
| s [:7] (type application)
| er (indefinite description)

45



Extensionality Translations for Polymorphic Higher-Order Logic Vincent Jackson

Where types are taken up to o equivalence, and terms are taken up to a and (3 equivalence.

Kinding Rules

F ok *, Fog

F oo %, F 7ot %y

1= Tk
[l

mog F (. 7) o #,

where 7 is either S or L.

Typing Rules

Fo,:7T
Fs:m Fs:m=mn Ft:n
FAz,.s:171 =7 Fst:m
Fs:r Fs:Ila.™ FowxS
FAa.s: a1 Fs o] :7[o/q]

Fl=lr:m=17=0

Frwr

Flelr:(r=0)=T
Frwr FTrwr
FVr:(t=0)=o0 F Vylr : (Il 0) = 0
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Proof Rules

Structural

assm
pEp
I'kp A Abp
—— weaken —~ contract
I'AFp I''AFp
Equality
T'Fs=t Akrt=u

refl trans

Fs=s F,A}_SIU

T'kFs=t Alru=w
mk-comb beta
LAFsu=twv F(Az. s) t = s[t/x]

IFs=t abs (z notint) ——— eta
I'E (Az. s) = (Ax. t) FA\r.tz)=t

'-s=t o beta
CEsr]=t[r] PP F (Aa. s) [0 = s[o/a] oybet

[hs=1 tyabs (a not in f) tyeta
I'F (Aa. s) = (Aa. t) (Ao f fad]) = f
I'Fs=,t AFs I'gkp  A,pkg .
eq-mp deduct-antisym
1—‘, A |_ t F7 A l_ p :O q

Axioms

(x not in I")

(o not in I)

(z not in p) select-ax infinity-ax
Fps—p(ex.px) F3(f:v=1).inj f A —onto f

A1l2 Intensional Polymorphic Higher-Order Logic

Syntax

S, t,u, v = ...
| V]~ (universal quantification)
| [Vay] (universal type-quantification)
| [é]a (ext. equiv. on type-vars)

The syntax is as it is in PHOLg,,, except with the addition of V], [Vy,], and [=] as primitive
symbols. The addition of the foralls is neccesary because the proofs of the introduction
rules for these makes use of abs and ¢yabs respectively (which are not present in PHOL).
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The addition of [=|, is necessary, because nothing in the logic reduces due to type-
substition, except [=],, which is too weak for the translation.

In addition, beta equivalence changes due to the removal of abs and tyabs. The precise nature
of this is that beta-reducts may only reduce if the reduct does not contain the bound variable
of any lambda term enclosing the reduct. (See Subsection A7 for a thorough definition.)

Typing

Frk
FVr:(r=0)=o0 F V] : (. 0) = o

Rules

We remove eta, abs, tyeta and tyabs. Moreover, we add the rules

. I'tp 'V p
(xnotinl') —— VI [s/x] ———— VE
I'FVz.p 'Fps

I'kp I I'E[Vy]p

(@notinl) ———— V(I —— " —
I'FVya. p I'Fopl[7]

ty

The definitions of the binder form of V and Vi, are the same as in PHOL,,.

A.2 Rewriting Subterms

A.21 InPHOL,

Define a context for PHOLg,, as
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A context represents a term with a Aole, denoted by the symbol [-]. Application of a term to
a context is written e[s], and represents the replacement of [-] by s, which results in a new
term.

Using contexts, we can show the useful rule

F'ks=t Al els]
[AFelt]

rewrite

is admissible to PHOL.

The proof is by showing the lemma

I'-s=t
'k efs] = eft]

is admissable by induction on e (the rewrite rule follows immediately by eg-mp).

Proof.
By induction on e

Case [|:

defn-subst

Case z: by refl.

Case \z. e: by abs.
Case e; ea: by mk-comb.
Case [=|: by refl.

Case Aa. e: by tyabs.
Case e [:7]: by tyapp.

Case c: by refl. O]
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A22 InPHOL

The major difference of PHOL, as compared to PHOLg,, is that we do not have the abs
or tyabs rules. The effect on the logic caused by the absence of these rules is that you
cannot rewrite any subterm from under a lambda which contains the variable bound by that
lambda. This is, in fact, just capture avoiding substitution, and thus we do not need contexts
to show the admissibility of this rule.

The substition lemma for PHOL is

F'Fs=t At us/z]
(z is free in u) rewrite

T, A b ult/x]

using the appropriate notion of context for PHOL. This is again proven from

I'-s=t
I'Fuls/z] = u[s/x]

by induction on w.

Proof-
By induction on

Case y:

Subcase y = x:

Lrs=t defn-subst
'k x[s/z] = z[t/x]
Subcase y # x: by refl.
Case \y. u:
By the conditions on z, y # .
refl
F Az y. ulz/z]) = (A2 y. u[z/z]) F'Fs=t

mk-comb

I'E (Azy.ulz/z]) s = (A\zy. ulz/z]) t
' (M\y. e[s/x]) = (A\y. e[t/x])

beta

Case uj ug: by mk-comb.

Case [=|: by refl.
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Case Aa. w:
If . and 7 contains a free ¢, we alpha-rename the type-lambdas fto avoid a variable clash.

refl
F (Az. Aa. ulz/z]) = (Az. Aa. uz/z]) F'ks=t
I'F (Az. Aa. elz/z]) s = (Az. Aa. e[z/x]) t
I'F (Aa. e[s/z]) = (Aa. et/x])

mk-comb

beta

Case ¢ [:7]: by tyapp.
Case c: by refl. O]

A.23 Of Assumptions

'ks=t Ae[s]tkgq

rewrite-asm

[ A elt] g
——————— assm
FFs=t e[t]te]] )
rewrite
Proof. L elt] F e[s] Aels|Fq
rewrite-asm
LA eft] g

A.3 TUseful Rules

A.31 Assumption Substitution

I'ts s,AFt
| VAN Y

ante-subst

Firstly, note that this is not cut of the sequent calculus, as this is a natural deduction system.

Proof. This simple proof was pointed out to me by Johannes Aman Pohjola.

I'ts
weaken
ItEs s, Akt .
deduct-antisym
IAbFs=,t I'ks
eq-m
I'ATHt P
——  contract
ARt
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[
A.3.2 Functional and Type-Functional Extensionality
In PHOL,, the rule of functional extensionality
I'Efz=gx 'k fla] =g |a
(fresh z) # fun-ext (fresh ) f bad = g fo ty-fun-ext
is derivable as follows
o . Pkfoz=gux
(x not free in f) —————————— eta  (z not free in g) eta abs
Fz fz)=7f FAz.gz)=g L'k (Az. fz)=(\z. g ) -
rewrite
I'Ff=g
and
o . I'kfe=gux
(o not free in f) ——————— tyeta (o not freeing) ——————— tyeta - abs
F(Aa. f fod) = f F(Az.gla]) =g T'+ (Aa. f [o]) = (Aa. g [a]) R
Fkf=gyg

A33 Symmetry

Symmetry of equality

I'kFs=t
I'Ft=s

is derivable in PHOL as follows

refl

rewrite

I'Fs=,t Fs=;s
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A.4 Useful Definitions

A.41 The Connectives

The definitions of the connectives are as follows:

T2 (. p) = (Wp- p)
NZXaq Af fpa)=OffTT)
pAg=[Npg
[—] £ a. (pAg)=p
p—q=[—]pq
V], 2 Xp.p=, (Az. T)
Va.p 2 [V] (\z. p) (where p may contain x)
[ & Ap. Vzo.(Vo.pr — 2,) — 2o
Jz.p £ [3] (M. p) (where p may contain x)
VI £ A0 q. Vzo.(p — 20) — (¢ — 20) — 2o
pVa=[Vipg
1 2Vz,. 2,
Fl&xp.p— L
=[] p
[Viy] 2Nz, 2 = o (M. T)
Viya. p 2 [Vy] (Acw. p) (where p may contain )

injé)\f. Vey. fa=fy—z=y
onto 2 \f. Vy.Jz. fox =y

Their introduction and elimination rules are
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T'kp
T —
FT O,TEp
' A 'EpA I'EpA
- 278y T PRY gy, PR RR
I'AFpAg I'kp I'Hgq
I''pkg I'tkp—qg Abp
—1 —
'Ep—gq I''AFgqg
'+ [V
(z not in T) P v Py
I'Vz.p 'Fps
'tps 't 3.
P 1 wnotinT) — P 3E
E[Ep I'kp
I I I'kpoV A, po F Apr B
b VLL q VLR bo vV p1 »Po ™ ¢ P11 g v
I'tpVvyg I'FpVyg I''Atgq
- L
I'kp
I''pF_L I 'k-p AbFp
FFﬁp F,AFq
L'kp I ' [Vylp

.
I'FVya. p Y I'Fopl[7]

E

E

1E

E

(o not in I") VyE

Truth

Introduction

refl

= (Ap. p) = (A\p.
(Ap. p) = (Ap. p) defuT

Elimination

assm

TFT defn
T+ (Mg q) = (Ag. q) Fp=p
THEA @) p=(Agq)p
beta
TkEp=p I'kp
ILTkEp

refl

mk-conv

€q-mp
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Conjunction
Introduction
T I'kFp =" Fq
weaken TE weaken TE refl
I'TkEp qET A, Thq FALFTT)=ffTT)
deduct-antisym deduct-antisym defnA + beta
T'FT=p AFT=gq FTAT
rewrite ™
T,AFEpAg

Elimination

The left rule has the proof

I'HpAg def
efn
P fpg=Of fTT) FAzy. x) =Mz y. z)
PEAffpg Ary. 2)=, (A fTT)(Azy. z)
FFAzy.z)pg=o Axy.z) TT
beta
I'kp=,T
— 77 ym 71
I'T=,p T
-m
T+ p camp

refl

mk-comb

beta

and similarly for the right rule.

Implication

Introduction

assm
pkEp I'pkq
TopFpng % prarpng =™
obPTPAG et POYTPRY o
I'pEpAg pAqkp
I'(pAq) =op

I'p—q

deduct-antisym

defn—

Elimination
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I'kp—gq
defn—
I'(pAg) =op
sym
I'kp=o(pAq) AkFp
T.AFpA 9P
’7]”]/\1;_2
I'AFg

Universal Quantification

N.B. in PHOL, the V symbol and its introduction and elimination rules are axiomatic.

Introduction
— TI
Tk
P TE £ weaken
I'TkFp pET
deduct-antisymm
I'tp=,T
(x fresh) abs
' (Az.p) =r=0 (Az. T)
TE 0w 1) )
Z. 2= z. z.
T=o P defnV
I'Vz.p
Elimination
'V
¥ p defnV + beta . TI
FEp=rs, (Az. T) ET
sym ——— beta
'z, T)=r=0p F(Az. T) s
rewrite
I'kps

Existential Quantification

Introduction
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w v assm
. — . —
[s/x] TPY ER e  VE + beta
Ve.p —qbFps—q I‘I—ps%E
I'Ve.pzx —qlgq
' (V —q) — 7
r.px
(¢ fresh) b Y79 v
'EVq.(Ve.px — q) — q
defnd
INREIF2
Elimination
Tk 3a.p pbp
q.-Vx.p — q) — ¢q Fp—
v/d] VE (z fresh) — 2P v
'+ Mx.p—p) —p FVr.p —p .
_>
I'kp

Disjunction
Introduction

assm

p—rkp—r

weaken

'rp p—r,gq—rktp—r
I''p—r,qg—rktr
Th ) ) 7
—r)—(q—1) —7T
(fresh r) P 4 VI-L
FEvr.(p—r)— (¢g—r) —r
defnVv
I'pVvy
And similarly for VI-2.
Elimination
'k
pVa defnV
FEVYr.(p—r)—(@q—1)—7r Apkr
[r/7] — - I
FrFlp—r)—(@q@—r)—r AbFp—r E Aqgkr
% I
AR (q—r)—r AFqg—r
I''AAbF7r
——  contract
Ak r
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False
Elimination
Fllil_vj_ defn L
b-p
VE
/o]
Not
Introduction
I''pkF L
I'tp— L
—— defn—
T'—-p
Elimination
'k~=
TP e
'ktp— L AFp
—E
I''AF_L
I'N'AFg

Type Forall

N.B. in PHOL, the V;, symbol and its introduction and elimination rules are axiomatic.

Introduction

— TI

FT I'kp

—— weaken ———

pET I''TkEp

deduct-antisym
I'Ep=T
(fresh «) tyabs
I'F (Aa. p) =110. 0 (Aa. T)
tybeta

I'F(A\z. 2 =110, o (Ac. T)) (A p)

defnVy,
I'=Vya. p
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Elimination
— TI
I'F [Vy] s
(Vs defnVy, + beta kT defn-subst
'ks=(Aa. T) T/l
sym ————— tybeta
'(Aa. T)=s F(Aa. T) 7] )
rewrite
I'Es[7]
A.4.2 Other Useful Results About the Connectives
trans—
'tp—q AkFq—r
I'AFp—r
assm
'tbp—yq pkp
—E
AFqg—r I''pkgq
—E
I Apkr
—1
I'N'AFp—r

A.4.3 injand onto

The usual definitions for inj and onto hold.

inj f £ Vey. fa=fy—x=y
ontof £ Vy.3dz.fax=y
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A.5 Admissibility of inst and ty-inst

Structural
assm
pEp
I'kp A AFDp
—— weaken ————— contract
I''AkFp I''AkFp
Equality
i 'ks=t A}_t:utrans
re
Fs=s F, AFs=u
I'kFs=t A'_uzvmk—comb
IN'Atsu=twv
I's=t tyapp
Cksr]=t[r]
I'ks=,t Akts I'gkp A,pkgq )
eq-mp deduct-antisym
ARt IN'AFp=,q¢q
Axioms
(z not in p) select-ax infinity-ax
Fps— p;(ex.px) F3(f:t=1).inj f A—onto f
Extensional Rules
(z not in I') Prs=t abs (rnotint) ———— eta
'k (Az.s) = (Az. t) FAx.tz)=t
(o not in I") [rs=t tyabs (a not in f) tyeta
I'F (Aa. s) = (Aa. t) F(Aa. f o) =f
Intensional Rules
'k e[V
(z not in T) P v T
I'FVz.p F'Fps
'+ 'V
(v not in I") P ty ﬂ Vi E
I'=Vya. p I'kplr]
A51 inst

The rule inst is admissible to PHOL¢, and PHOL.
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Proof. Induction on the proof-tree of I' - s.

Note that in these proofs, if a substitution occurs under a lambda (e.g. (Az. s[f])), we assume
that  does not occur in the free-variables of any term resulting from the substitution, as
any lambda-term in which this does happen can be alpha-renamed such that it doesn’t. We

also make this assumption for type-lambdas.

Case assm:

n assm
pkp ——— assm
inst 7 plf] - plo]
plo] F plf]
Case weaken:
I+ '+
P weaken - P ILH
I'AFp ) ~s 0] + plé]
inst weaken
(6], A[0] = p[o] (0], Al] = plo]
Case contract:
F,A,Al_p F7A7A|_p
—  contract
LLAFp ~ L[0], A[6], A[0] - p[f]
inst contract
I'[6], Al6] - plo] (0], A[6] = p[o]
Case refl:
refl — refl
Fs=rs . = s[0] =+ s[0]
——————— inst ~ ——— — ~ defn-subst
F (s =-s)[d] F (s =; 9)[0]
Case trans:
Ths=;t Abt=ru I
Ths=1t Aft=ru trans —F[Q] - (S T t)[ﬁ] (.ief.n-subst —A[H} - (t T u)[@] (;1et:n—subst
DAFs=ru w T[] F s[0] = t[6] A[G] F t[0] = ulf]
inst trans
T[0], A[0) F (s = u)[6] L[0], A[0] F s[0] =- u[f]
defn-subst
L0, A0 F (s =7 u)[0]
Case mk-comb:
I'ks=t LH. AFu=v LH.
IFs=t AFu=v mk-comb LI (s =nm 8)10] defn-subst Lie), AT+ (u =n v)[6] defn-subst
I'AFsu=ptv ~ T[0] F s[0] =7 =r t]0] I'[6], Al0] F ulf] =4, v[f]

LH.

(6], Alf] F (s u =, t 0)[0]
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T[6], Al0] & s]0] ulf] =, t[0] v]f]

defn-subst

T[], A0 F (s u =5, tv)[0]
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Case beta:

beta

F(\x.s)t=slt/a] ~

F((Ax. s) t = s[t/z])[0] e

Case abs:

(x5 not in I') [rs=t abs

I'F (Azo. s) =7 (Azg. t) ~

inst

0] - (Ao 8) =r Az 1))[0]

Case eta:

(s not in t) eta
F Az txy) =gosr t

inst
F((Ax. t 2) =g t)[0]

Case tyapp:

I'Fs=qa-t
Ik s[o]=;to]
L[O] + (s [o] = t [o])[0]

tyapp

inst

Case tybeta:

beta
F (Aa. s) [io]] = s[o/q] tyi '

F ((Aa. s) o] = s[o/a))[0] "

Case tyabs:

F'ks=;t
(aenot in I) il tyabs
F (Aa. s) =ma. + (Aa. t)

inst
L[0] F (A s) =1a. + (Ac. t))[6)]

Case tyeta:

(o not in ?) eta
F(Aa. t [@]) =ma. + t LH.

F ((Aa. t [a]) =ria. - 1)[0]

Case eq-mp:

Vincent Jackson

beta
E (M. 5[0 — ]) t[0] = (s[0 — ])[¢[6]/2]

defn-subst
F (M. s) t)[0] = s[8 — z, t[0] /] defn-subst
F (()\a: s) t) [0] = s[t/z,0] defn-subst

F((Az. s) t = st/a])[6)]

LEs=t LH.
D0 — 2] - (s =7 t)[0 — 2] I
L0 —albslf—al = tl0—a] . .
S DT e e R
T[]+ (Az. s[0 — x]) =, (A\z. t[0 — x])

T F (Ao ) =5 (Ao t))[0]

(zs not in T')

defn-subst

(z not in t[0 — z])

F O 1[0 — 2] 2) =gy 1[0 — 4 Zti -
F((Ax. tx) =g=q t)[0]

I'kFs=ma.rt

NS t)[0 L
01 (s =n1a. - £)10] defn-subst
~ T[0] F s[0] =11a. - t[0]

tyapp

T[0] + s[0] o] =; t[f] o]
L[0]+ (s o] = t [o])[6]

defn-subst

tybeta
F (Aa. slblo/a])) [o] = (s[flo/e]])[o/o]

= ((Aa. 5) o])[0] = (s[o/a])[6]

defn-subst

_Lres=t
( not in T'[6)) L[0] F s[6] = t[¢] abs
T[0] - (Aa. s[f]) —rte. - (A £[6]) .

T[] F ((Aa. 5) =110, » (Acv. £))[6]

defn-subst

defn-subst

(o not in t[6]) (Ao 0] Fo]) = 1] eta

defn-subst
F (Aa. t[0] [e]) =ma. - t]0]
F ((Aa. t [a) =ra. - t)[0]

(@ not in t)

defn-subst
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At s
€q-mp

I'ks=,t
ARt
——— inst
T[6], A[6] - t[6]

Case deduct-antisym:

Iigkp Apkg
[LAFp=,¢q
L0, Al0],F (p =0 q)[0]

deduct-antisym

inst

Case select-ax:

(z not in p) select-ax

Fps—p(ezr.par

- (p s —p (exr.p 17))[6’]

inst

Case infinity-ax:

infinity-ax
F3(f:v=1).inj f A—onto f

F(3(f : ¢ = 1).inj f A—onto f)[6]

inst

Case VI

T'kp
I'EVz.p .
———  inst

L[] F (V. p)[6]

VI

(z not in I")

Case VE:

TH[V]p
I'kFps
0]+ (p 5)[0]

inst

Case Vi, I:

I'kp
T VI
I'FVya. p

——— inst
L[0] = (V. p)[0]

(avnot in I)

Case V E:

Extensionality Translations for Polymorphic Higher-Order Logic

I'Fs=,t H
w defn-subst & ILH.
(0] - s[0] =, t[0] A[O] F s[0]
T(6], A9] F (0] camp
T,qbp Al gq
0], ql0) Fpl6] —  A]pl0) - al6] |

deduct-antisym

T[0], Al0] - p[6] =, q[f]
F[@], A[@] }_ (]9 o Q)[a]

defn-subst

(z not in p[ — z]) select-ax

" pl0 — 2] s[0) — pl6 — o] (e pl0 —a]2)

F pl0 — ] s[0] — (p (e2r.p 2))[0 — 2]

(z not in p[f — x]) defn-subst
F (p x—p (ex.p x))[&]
=T ; i infinity-ax
:1=1).inj f A —onto
(. ). inj. - defn-subst

F(3(f:v=1).inj f A—onto f)[6)]

_ Ik
L0 — ] - p[f — ] V‘I‘

(z not in [0 — ) w

(z notin I") defn-subst
L[0] = (V. p)[6]
I'=[vp

W d.ef;l—subst

~ L[0] = [v] p[f]
W defn-subst

L[o]+ (p s)[0]
_rr

~ (o not in I'[6]) M VI
i iy Plf] defn-subst

L0 = (Vyya. p)[f]
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_Trlle
'+ [Vty} p VtyE W defn-subst
_Thes Gy w o TR0
O o)l riey - ol sle)
T[0] F (p 5)[6]

Ab52 ty-inst
The rule ty-inst is admissible to PHOL¢, and PHOL.

I'ks
Llg] = s[¢]

ty-inst

Proof. Induction on the proof-tree of I' I- s.

Note that in these proofs, if a substitution occurs under a type-lambda (e.g. (Ac. s[¢])), we
assume that o does not occur in the free-variables of any type resulting from the substitution,
as any lambda-term in which this does happen can be alpha-renamed such that it doesn’t.

Case assm:

assm
_PEP st G Fplg o
plol - pld] nee
Case weaken:
Fil—p weaken & LH.
LAy " e TRl
y-inst weaken
Ll¢], Alg] - p[o)] Llg], Alg] - plo]
Case contract:
I'A,AFp I'AAFDp
— contract
[AFEp o ~o L'l¢], Algl, Al¢] F pl¢]
y-inst contract
L[¢], Alg] F plé] L[¢], Alg] F pld]
Case refl:
refl refl
T T o P R
ty-inst refl
~(=rs = 9l

64



Vincent Jackson Extensionality Translations for Polymorphic Higher-Order Logic

Case trans:
. FFSi.,—t LH AAFtiTu LH.
Dhs—t Abt—ru, A=l A=l
TAFs=,u ty-inst ~ D[¢] - s[¢] =) t[9] Alg] = t[¢] =g U[¢]
Ll¢], Alg] = (s =- u)[¢] Do), Alg] = s[¢] =) ul¢]
defn-subst
L[¢], Alg] F (s =- u)[¢]
Case mk-comb:
I'ks=t LH. AFu=v LH
I'kFs=t Alu=v k-comb L9l F (s =n=m D19 defn-subst Lle], A9l F (u = v)lg] defn-subst
DAFsu=ptv 00w Tl slo] == 9] Do) AL F uld] =ng oldl
T AL F (s u=n to)lo] Ti6] Al slol uld] = 0] 10—
F[¢]7A[¢] F(su=npt 1))[(7)]
Case beta:
beta beta
F(Az. s) t = s]t/z] o F Qo slo]) t] =rig) (s[@])[E¢]/zorg]] q
inst efn-subst
F (M. ) t = slt/a])[¢] F (. ) t = sft/a])[¢]
Case abs:
_ TkEs=t LH.
. Pks=t Lol - (s = t)lé] o o
(z+ not in I) O 8) = O ) abs R T10] - 5[] =10 1101 defn-subst

ty-inst (T(g) DOt in T[¢])

L(go] - (Mg 5) =r (Azq. 1)) (4] Lo - (Atoig)- s19]) =715 (ATo1g)- te])

Tiol - ( (o 3) = Ot )[¢] defn-subst
Case eta:
T, not in eta T[e) DOt in ¢ eta
(o notin ) (AZg. t Tg) =gor t tty_inst " (@ete) mot in 119]) E (Azgig)- te] Zolg) =alg)=rlg) LO) dte R
F ((ATg. t T5) =07 t)[¢)] F (Ao t 20) =g=r t)[9]
Case tyapp:
I'ts=qa-,t
L[] F (s =na. - )[¢>] '
- defn-subs
r F["_ ; __HQ‘T i o] tyapp L[]+ s[¢] = (M. T[¢p—a]) t[¢] ¢ :
T/t T TIOLF s10] Fol0l] =gl 16 folAl]
F[Qﬂ = (S [:U:] =rlo/a] 13 [0])[¢} defn-subst
Llg] = (s [o)[d] =r(o/a,) (t fo])[4] definsubst
L[¢] & (s [o] =rp/a) t o) [¢]
Case tybeta:
tybeta ybeta
~(Aaus) b =sloja] T 0 F(Aausl — a]) bolol] = (slo —alolel/a] »
- ((Aa. 5) fo] = slo/a]) [g] - ((Aa. s) fo] = slo/a]) 6 — a]l4]

Case tyabs:
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F'ks=;t
i tyabs

F (Aa. 8) =11a. 7 (Aat. 1) , -
ty-inst

(v not in T')

Llgl F (Aa. s) =na. - (Ac. 1)) [¢]

Case tyeta:

(c not in ¢) eta

F(Aa.t o) =10, t
F (A t [a]) =11a. 7 t)[¢)]

ty-inst ~

Case eq-mp:

I'ks=,t Akts
eq-m
W e
———————— ty-inst
Llg], Ale] - t[¢]

Case deduct-antisym:

gk Apk
—are Spra deduct-antisym
IAFp=5q ~

ty-inst
F[QSL A[(b]v F =0 Q)[(ﬂ

Case select-ax:

select-ax

(z not in p)
Fps—p(exr.par)

ty-inst ~
. (17 s—p (E:L’T.]) fr))[‘ﬂ

Case select-ax:

infinity-ax
F3(f:v=1).inj f A —onto f

ty-inst
F(3(f :¢=1).inj f A —onto f)[¢]
Case VI
(z not in T") & VI
I'-Va.p . ~
————————— ty-inst
Ll¢] = (Var.p)[d]
Case VE:
L'HI[V]p VE
N L R
L[] = (p s)[¢]
Case Vi I:

- __IH
Tigl - (s =0 t)[9]

Vincent Jackson

I'kFs=1t
LH.
T~ alF (s = 0[6 ]
F[¢] F 5[@ - Oé] ~7(p—a] t[@ - O‘]
T3] F (A s[¢ — a]) =114, rjp—a) (A t[p —a])
L[o] F ((Aew. s) =110, 7 (A 1))[4]

(a not in I') defn-subst

(« not in T'[¢)])

tyabs
defn-subst

(o not in t[¢]) ta

- (Aa. tl6 — o] [od) =nia e Ho— 0
- (Aa /¢ — a fals — al]) =t1a. ris—a) 16)
F (Ao t [a]) =110, - t)[¢]

defn-subst

(o not in t)

defn-subst

I'kFs=,t

defn-subst _AFs LH.

Tlg] F s[¢] =, t[¢] Alg] F slg]

L[], Alg] - t[¢]

€q-mp

Latr 1y
L[¢], q[4] F plg]

T(¢], Alg] F plo] =, alg]

T[¢], Alg] = (p =0 9)[9)]

Atgq
LH.
Algl, pld] F q[¢]

deduct-antisym

defn-subst

select-ax

tarte) mot Bl T 216] Gy 0] o)

defn-subst
F(pz— p(ez.pz))[g]
infinity-ax
F3(f:t=1).inj f A—-onto f
defn-subst
F(3(f :¢=1).inj f A —onto f)[¢]
o o
p
- tin I'[¢]) ——————— VI
e P
defn-subst

L[g] = (Var. p)[@]

'V p
[ defn-s

vl - (4 ]
~ Ll¢] = [V] plo]
L[]+ (p s)[4]

ubst

defn-subst
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I'kp
(@notin') —— VI
I'FVyo. p

—————— ty-inst
T[g] F (Vyya. p)[g]

Case Vy E:

ty-inst

Lol F (p s)[e]

(@ not in I'[¢ — a])

67

Tlol F (vl )]
TGl F ol 2lo] |,
(¢l - plo] s[¢]
Tl ()l
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I'kp
Llg — o] - pl¢ — o defn-subst
F[qb] = p[¢ - a] VI
L[¢] - Vya. plé — a defn-subst

L[g] - (Veya. p)[g]

defn-subst

ty
defn-subst
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Appendix B

B.1 Translation Definitions

B.11 Refl Set

The R gives the necessary conditions for extensional partial-equivalence to be an equiva-
lence on the translated terms.

R(s) =z =,z |2, € FV(s)}

B.12 Eq Set

The Eq set gives the necessary conditions for extensional partial-equivalence on type vari-
ables to be translated correctly.

& on type-variables captures what is needed to ensure that = remains a partial-equivalence
relation on type variables.

E(a) 2 (Voa ta.z =0y — y =4 2)

A (VZa Yo 2a-T =q Yy — Y =a 2 — T =4 2)

A ([Fly Famaso [Fla)
Adz.x =, a:)

This is extended to types in the following manner
E(r) = {€(a) [ FViy(r)}

and terms similarly

E(s) = f€(a) [ FViy(s)}
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B.1.3 Extensional Partial-Equivalence

Extensional partial-equivalence is defined as follows

[é]o £ [:]0
=], = [=l
[é]ném 2 MNg Veyxr=,y— fr=,gy (forxand y not free in f and g)
[Fe » = Mg Vya. E(@) — f o] =; g [ (for « not free in f and g)
=la (primitive symbol)

The symbol [=|, has an interaction with type-substitution. When a type is substituted for
a, [=],, reduces in the following manner

[=l,lo/a] £ [=],
[Flale/al 2 [=],
[Elolm = m/d =[5, 2,
=] M. 7/a] £ [=]y,
[=1.18/a] £ [=]5
B.1.4 Translation Definition
Term Translation
The translation is defined for terms as
° A
T = x
(A\z.s)* & Az s°
(st)® £ 50t
(Aa. 5)* = Aa. s®
(s [r])* £ s°[7]
(=D = [
Theorem Translation
Given a theorem in PHOLg,
I' FpuoL,, P

the translation of this theorem into PHOL is

E(I*),E(s%), R(I'*), R(s*), T* Fprow s°
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A useful specialisation of this to note is when s = (t; =, t2). Note that £([=]_) = £(7), as
the only free [=|, in [=]_ are the free type variables in 7, and R([=],) = (), as there are no
free variables in [=] .

E(I*), E(r), £(17), £(13), R(I®), R(11), R(t3), I'* Fpuow £ = 5

B.2 'Translation Lemmas

B.2.1 subste

Substitutions occasionally occur under the translation operation. In this case, the following
rewrite can be applied

(s[t/x])* = s°[t* /2]

Proof. By induction on s.
Case 2:

x is the substituted variable:

(x[t/z])* =1° (defn-subst)
= z[t*/a] (defne)
= z*[t*/y] (defne)

x is not the substituted variable:

(z[t/y])* = a* (defn-subst)
=z (defne)
= z[t*/y] (defn-subst)
= 2°[t*/y] (defne)

Case \z. s:

The substituted x matches the bound z:

((Ax. s)[t/z])® = (\z. s)® (defn-subst)
= \z. s* (defne)
= (A\z. s°)[t*/x] (defn-subst)
= (A\z. s5)°*[t*/x] (defne)
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The substituted y does not match the bound z:

((Az. 9)[t/y])* - s[t/y])°*
( t/y])*
. (s*[t*/y])
Az s)[t°/y]

. 5)°[t*/y]

>,>//—\

/;/—\

Case s u:

((s w)[t/=])* = (s[t/a] ult/x])*
slt/x])* (ult/z])*
s*[t*/x]) (u®[t®/x])
s* u®)[t* /x|

s u)*[t* /]

A~~~ N A/~ /N

Case [=|:

—~
T
"~
~
8.
~

°

t*/x]
[t°/ ]

—_— e e
—

Case Aa. s:

Case s [71]:

71

Extensionality Translations for Polymorphic Higher-Order Logic

(defn-subst)
(defne)
(LH)
(defn-subst)
(defne)

(defn-subst)
(defne)
(LH.)
(defn-subst)
(defne)

(defn-subst
(defne

(defn-subst

)
)
)
(defne)

(defn-subst)
(defne)
(LH)
(defn-subst)
(defne)
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((s frd)fe/=])®

1] [ 1 1
—~ o~ O —~
[ ]
- =Y
[ ]
~
8

B.2.2 tysubste

Proof. By induction on s.

Case (z : 7)

8
N

((z: 7)[0])*

8
9

—~~ I~
8
\]
~— ~— — —
o —
-
—

8
9

Case (\z. s)

((Az 7). 9))[e])*

8
il

e
—~
8
ol
=
~
0
=

> 4~

1 1 1
>

e

Case (s u)

»

>, =2
S &

»
.
IS

~~ A~
»
L]

Case (=)

72

(defn-subs

(defne

(L
(defn-subs

(defne

(defn-subst)
(defne)
(defn-subst)
(defne)
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t

t

)
)
H)
)
)

(defn-subst
(defne

(defn-subst
(defne

(defn-subst

)
)
(LH.)
(defn-subst)

)

(defn-subst
(defne
(defn-subst
(defne

—_ 2 = O

)
)
(LH.)
)
)
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Case (Aa. s)

((Aa. 8)[9])® = (Aa. s[¢p — a])® (defn-subst)
= Aa. (s[p — a])® (defne)
= Aa. s°[¢ — a] (LH.)
= (Aa. s*)[9] (defn-subst)
= (Aa. 5)%[9] (defne)

((s b)) = ((s[g]) krlol])*® (defn-subst)
= (s[o])*® [rleld (defne)
= s*[¢] [r(9] (LH.)
= (s* [7]))[9] (defn-subst)
= (s [7])%[9] (defne)

B.2.3 Preservation of Rewrite

FEs*=;t* Al e*[s]

T, A e[t] e
refl
F (w9 ) = (e s) D
F((Az.s) t)® = (Ax. s°) t* rewrite(beta)

F((Azx. s) t)® =, s°[t*/z]

B.2.4 Symmetry

Extensional partial-equivalence is symmetric (under sufficient assumptions about partial-

equivalence on type variables).

I'kFs=,t
LM Ht=:s

sym=

Note that this is stronger than the theorem obtained by translating sym, as no R is needed.

Proof. By induction on 7

(¢ oft)
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(7‘1 :>7'2)
FkEs=;ont
S Tnom defn= assm
ThVoy o=, y—ssa=, t R
[y/:v,x/y] LY.L =n Y ST =ry yVE+ L= YyrT=nYy LH.
lFy=,r—sy=ntx r=n v, M) Fy=r 2
e(m),r =, ybsy=ntz LH
E(m),E(m),x éﬁ ykHtx 572 sy
—I
e & Fe=,y—tr=,
(z, y fresh) () E)FTZny 0= sy gy
[E(m, ), () FYVYry. o=y —tx =5 sy .
defn=
I,e(n),E Ft= .
(Tl) (7-2) 1=72 S defn&
F,S(Tl = 7'2) Ft érrl:>7-2 S
(Aa. 7)
TFs=pq -+t .
* Tha defn=
I'FVa.E(a) — s o] = t [
[/ - ViyE ————— assm
'Fé&(a) — s o] =t [ E(a)FE(a) E
%
IE(a)F s [al] =t o
@Fsbad 2 tfad
I.& Ft a
(7). &(e) P t ko = s ko] defn€ + contract*
[éMa. 7),E(q) bt ] =7 s [
—I
I, E(1la. ol =, s [a:
(o fresh) (e 7) F E(a) — t o] =7 s o] vyl
[E(Ma. 7) FVa. E(a) — t [a] =; s [a] .
defn=
[LE(Ma. 7) Ft =pa. -+ 8
(@)
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defn& + AET
E()F Y2 Yo T =q Y — Y =0 T
[t/z,s/y] () Y Y Y VE + beta
Ela)Ft=4s5— 5=t FHt=4s

[E(a)kFs=,t

—E

B.2.5 Reflexive Terms

It is necessary for the proof to have a term at each (non-variable) type, which is reflexive
with respect to the = relation. (This idea comes from Gandy’s translation [Gandy, 1956].)

We define Z, as

Zo=T

7, =z (for some z in ¢)
Trso 2Nz Zo (where = ¢ FV(Z,))
e, + 2 Aa. 7,

A .
lo =€2.2 =4 2

Note that, as is traditional, we assume that the domain of every type is non-empty.

The following theorem holds

reflZ
EZ )7, =_ 7

Proof. By induction on 7

Case o:
T assm assm
deduct-antisym
FT=,T .
———— defn=
FT=,T
° defn&
EMET=,T
- defnZ
E(Zo) 70 =07
Case ¢
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refl
defn=

defn&
defnZ

Fz=, 2

Fz=, 2
E)Fz=,2
EZ)F1Z,=,7,

Case 7 = o:

LH.
EZ) ¢ Zy =5 7y
(z ¢ FV(Zs)) - defn-subst
E(Zo) b Zolz/2] =5 Loly/x]
EZ (Mo, Zy) w =5 (A\x. Zo) y
EZy)yx=rybt (Aw. Zy) x =5 (A\x. Zo) y
EZ,)FVry. o=y — Av. Zy) v =5 (\1. Zy) y
EZy) F (M\x. Zy) =156 (A1. Zy)

ENr. Zo) F (N\1. Zy) =120 (A2 Zyy)

beta

weaken
VET + -E
defn=

defn&
defnZ

5(Z‘r:>a) = ZT:>U é7':>:7 Z‘r:>o

Case lla. 7:

LH.

E(Zr) & Zr =1 Zr
E(Zs) b Zro/a] =; Zr[a/a]

£(Zr) F (Ao Z,) o] =, (Aa Z,) [a]
E(Aa. Z:),E(a) F (Aa. Zr) o] =7 (Aaw. Z;) [
E(Aa. Z;) F E(a) — (Aa. Z7) o] = (Aa. Z;) [e]

(o fresh) VeI
E(Aa. Z;) F Vya. E(a) — (Aa. Z7) [a] =7 (Aa. Z7) [

defn-subst

tybeta

defn€ + weaken*

—1

defn=
EAa. Z:) F (Aa. Zr) =11, » (A, Z7
(Ao ) - (A 22) i (Do)
E(ZHOL 7') F ZHa. 7 —Ila. 7 ZHa. T
Case «:
defn€ + AET
E(Zy) FTvx =4z
select-ax  (fresh 2) JE
Fz=q2— (2.2 =4 2) =q (€2.2 =4 2) E(Za)F2=4 2
E(Zo) F(ez.2 =0 2) =4 (2.2 =4 2
Za/a) 22D ) Za { ) qein

E(Zo) b 2o =0 Za
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B.2.6 drop-unusedRR

R(z),TkFp
@ZN(FV(IT)UFV(p)) =0) ————— drop-unusedR
(@), Tkp
Proof: Firstly, define 07 to be Z;, /21,27, /27y, - ., Zr,, [Ty, for each z; € 7.
R@),T'Fp .
R(@)[02)-L0z] F plfa] -
x )
eflZ* (2N (FV(T) UFV (p)) = 0) 2 " 2 7 PUZL defn-subst
£(x) B R(z)[07] R(@)[0z),T Fp

ante-subst™

E@),l'Fp

B.2.7 Eq-Set on Propositions

E-on-o

= &(a)o/a]

Proof-

&(a)lo/al
By defn&
= ((V(s,t,u ta).s =gt —rt=qu — 5 =4 u)

A(Y(s:a).s =4 )
A(V(s,t:a).s=qt—t=45)

A [y Zamamo [21,) ) lo/a]
By defn-subst

(s t,u:o).séot—>téou—>séou)

(s,

(V(s:0).s =, 5)
(W(

(

=0 Zo=o0=0 [51)

The first three of the conjuncts are simple to derive from trans, refl, and sym. We can prove
the last as follows
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. . assm . . assm
T fo To F X1 =0 T2 defns O fo Y2 Y1 =o Yo defa efl
Ty =o T2 T =, T2 Y1 =o Y2 Y1 =0 ¥2 F(=lo 21 91) =0 ([5]o 21 91) -
- - rewrite
1 =0 T2,Y1 =0 Y2 - ([Flo 1 1) =0 ([Z]o 72 y2) .
. . . . . defn:
T1 =0 T2, Y1 =0 Y2 F ([=], 1 11) =0 (5], 22 y2)
—I
=z by =, = =, ([=
(21, s fresh) : T T2 ™ Y1 . y2 — ([ .]0 1 Y1) : (=], 22 .112) VIt
T =0 T2 F YY1 y2. Y1 =0 Y2 — ([F], 71 Y1) Zomo=0 ([F], T2 ¥2) .
- - - - defn=
r1 =, 22 ([F], 1) Fom0=0 ([F], 2)
—1
Fz 2, - o (2
(x1, 2 fresh) o I.Q — (= xl) é. =0 (5l :1:2) vIt
FVay z9.21 =, 22 — (5], 21) Zo=0=0 (5], 72) .
— - defn=
= [:}0 —o0=0=0 [:]0
O
B.2.8 drop-unusedf
_ E(@),I'kEp
@nN (FVi(T) UF Vi (p)) =0) T drop-unused&
b
Proof. Firstly, define ¢ to be o/ay, 0/, ..., 0/, for each a; € a.
E@),T'kp .
E@ 6ol Tloal F pl0d) o
(0% o] o o
—fono*  (@N (FViy (D) UFViy(p) = 0) o PI%) defn-subst
AGHI E(@)[po], I' -

ante-subst™
I'kp
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B.2.9 Translation of the Connectives

T2 (p.p)= (. p)
NZ2Xa A fpa)=Of fTT)
pAg=[Npg
[—12Xq (prg)=p
p—a=[—]pqg
V] £ Ap.p = (Az. T)
Vz.p = V] (\z. p) (where p may contain z)
[ 2 A\p. Vzo.(Vo.pr — 2,) — 2o
Jz.p 2 3] (Ax. p) (where p may contain z)
V] 2 Ap q. V2o.(p — 20) — (@ — 20) — 2,
pPVa=[Vpg
1 £Vz,. 20
-] &£ Ap.p— L
p =[] p
V] 2 \2. 2 =M. o (Aa. T)
Viya. p £ [Vy] (Aa. p) (where p may contain «)

injE X . Voy. fa=fy—a=y
onto £ \f. Vy.Jz. fr =y

Truth
—  assm
T=oybax=5y
=,y (Ap.p) x =, (Ap. p) 1
(fresh 2. 3) yF (Ap-p) (Ap-p)y VIt
FVzy.x=oy — (Ap.p) x=0 (Ap.p)y .
refl . defn=
F (Ap- p) =o=0 (Ap- D) F (Ap. p) =o=0 (Ap- p)
x weaken - weaken
(Ap- p) =00 (Ap- p) = (AP. P) =020 (AP. D) (AP p) =0=0 (Ap- ) I (AP. P) =050 (AP. D)

deduct-antisym

F ((Ap- p) Zo=0 (AP D)) =0 (AD- D) =0=0 (\p. D))
F (()‘p p) =o0=0 ()‘p~ p)). o (()\p p) =o0=0 (>‘p~ p))
FTe =, T

defne
defnT
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Conjunction

% assm
1 =0 To 1 =, X2
- - - weaken
1 =0 T2,Y1 =0 Y2 - 1 =5 T2
. - . beta
1 =0 T2, Y1 =0 Y2 - (M. 1) y1 =0 (M. 72) Y2 N

21 =, 2o Fy1 =0 y2 — (M. 21) y1 =0 (M\y. 22) 1
(tresh g1, 1) 1 =022 Y1 =0 y2 Ny 21) y1 =0 (Ay. 22) 2 VI

b2 defn=

T =0 2 F Vi yo.y1 =0 y2 — (M. 21) 11 =0 (Y. 22)

I éo T - ()\y- 2L'1) 50:0 (/\y~ 152)

beta

—1
Faop a0 — Ary. o) 21 =gno Mz y. ) 2
st 21.23) = .2 I m.( Y. x) 2 VI
BV 2. 21 =0 33 — (AT Y. ) 21 =00 (AT Y. T) T2 defn=

1 =0 22 (AT Y. ) ¥1 Zomo (AT Y. T) T2

[ (/\L Y. -T) én:oﬁo ()‘l Y. I)
‘1L

————————————————— assm
(pra)* - (pAg)®
(A F A FD° %) Zomomoymo A FTT) .
0 (PAQ*EVF g f Zomomog = (M P d") F= (M fTT)g VE+ SLLL

(PAa)* (AT y. 2) Zomomo A\ y.2) — (Af. f1*¢*) Qzy.2) =0 A\ fTT)(Azy. 2) F Oy 2) Zomomo (M y. 2) .
(A fp*a®) Dy )= ML fTT) ey )
PAD*EN P ) Ay z)= M. fTT)(A\zy. )

prg)* - ((Azy. 2)p*¢®) =0 (Axy.2) TT)
(PAQ)*Fp* =0T
‘11

defne + defnA

E

efn=

beta

beta

Where 0 = (\z y. z)/f, A\ y. x)/g

assm

Y1 =oy2 by =02
weaken

T1 =0 T2, Y1 =0 Y2 F Y1 =0 1
1 =0 22,91 =o Y2 ™ Y1 =0 Y2 beta

—I

T =0 T2,Y1 =0 Y2 F (M- y) 1 =0 (MY ) 2

T1 =, To - = — (Ay. =, (\y.
(fresh y1,12) 1=0 T2 Y1 =0 Y2 Ay y) y1 =0 (M- y) Y2 VI

1 =0 o VY ya.y1 =0 2 — (M- y) y1 =0 (MY Y) v2 .
defn=

x1 =022 (Y. y) Zomo (MY y) beta

—I
FayZoa0 — Azy.y) o= e . 1)
(fresh o1, 22) 15 .2 Az y.y) 21 0:.0( Y. y) T2 vi
b Vo 29. 21 =, 2 — (AT Y. Y) T1 =m0 (AT Y. y) 22

21 =0 22 (A2 Y. y) 21 Fomo (AT Y. y) 22

defn=

F Az y. y) Zomomo Ay y)
f121
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assm

A FAg*
(p A Q). = (/\f f p* (].) é(0:>u:>o):w (/\f f T T)

defne + defnA

defn= .
g PN EYF9-f Zomomog — M- FP ) F =0 M- FTTg oy f121
(PAD*F f Zomomo g — M fp7a") Dz y.y) =0 A\f. fTT) Ay y) F (A2 Y. y) Zomomo (A2 Y. y) R
A F A Fp°a®) Doy y) =0 AL fTT) Ay y) defn
(A E A fp°a®) Ay y) = Af fTT) Ay y) beta
(rgF((Aeyy)p*¢’) = (Aey.y) TT)
eta
(Pha)*Fp* =0T
i12
Where 0 £ (Az y. y)/f, Az y. y)/g
‘11 ‘12
(pAq)'Fp':Tsym (phg)*HT=¢ sym .
. (pAg)* =T =p (PAg)*-T=¢" FAffTT) =(om0m0)m0 A fTT)
(nb. f not in p*, ¢°) rewrite™
(p/\ ‘I) p/\ q) (/\f fp. q.) =(o=0=>0)=0 ()‘f f T T) contract
:1
N R assm
. f =o=0=0 Y = f =o=0=0 g‘ defn>
(T /2, T /4] f=omomog P Voyr =0y — 2 =009y | 1y el
féoﬁoﬁogk—rzn—r‘}f—réozog—r FTZOT
- - —E
f=om0m0 9P [T =0m09T defn
(T2, T /4] ° a‘:»a;»aqPVxl/x—aquTm—hou\fE el
f=om0m0gbFT=,T—fTT=,9gTT FT:UT—)E
féoﬁnéngFfTT:r)gTT beta
fZomomo gt ML fTT) f=a (M. fTT)yg N
FfZomomog — M FTT)f= (M. fTT)yg
(fresh £, g) . :
FVfg.f=om0m09 — A fTT)f =(om0m0)m0 A fTT)yg .
f2.1
- assm :
ALt Y defnA + beta . 121
PPACEN P )= (A fTT) A FTT) Zmomo)ymo M fTT) .
rewrite

PPAGE (A f P 0%) Somomoymo M F T T)
P At (/\p q. ()‘f Ip q) é(0=>0:>0)§0 (/\f IT T)) *q°

eta

defne
PPACEMe M fpa)=OFf fFTT) ¢
defnA
A (pAg)®
P
!
A EAffpa) = AfFTT) defah + beta P2
Prg)* Fp*Ag® "N (pAg)*

deduct-antisym

FpAg®=op®Ag
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Implication
refl Ne refl
FE == F(PAg)* =op*Ng® FP=DP o combt
F(pAg)® =op) =0 ((1°Ng*) =0 p*) defn
F(pAq)® =0p®) =0 (p° N¢°) =0 D*) defne
F(pAq)® =0p®) =0 (p° NG°) =0 p°) dofas

Fp—q)°=0p®—¢°

Universal Quantification

Note that [V] is a definition in PHOLg,,, but a primitive symbol in PHOL.

(7 0w ) (o O 0
(V] . p))* F p* 200 (N T%) e
(w/z,2/4] (VM Az.p) bV y. o=y — Av.p*)z=, (M. T)y VE + beta
(M Az.p)kaz=2— Ae.p*)z=, (\e. T) x
(V] Az.p)),z=r 2k (Az.p*) z =, Az. T) o
: sym I
(V] Az p))*,z =z b T =, (\.p%) z T
(] (. ) 27 2 - (v ) @
(V] (a. p))* o =« Fp°
( fresh) (M e p)" Pz 20 2 0" VIt
(V] (Az.p))* + me =,z —p°
i1

—E + assm

beta

€q-mp
beta

—1

Note that this proof uses the ¢rans= lemma, which is proven in Bubsecfion CTH. The proof
of that lemma does not rely on the translation of any connectives, and so is safe to use here.

————————— assm
$:Tyky:7'x .
- asm ——— > " sym=
= ybtx=ry = yty=,x .
(Vo.z =, & — p*) F (Vo.x =, . — p*) o = Syl frans=
[z/z,y/y] —— P — P VE* S L iiT"Lcontract
Ve.x =,z —p*)Fx= oz —p° r= yFaxs .
N
= 1 (Voz.x =,z — p*),z = *
= P*)x=rybkp
kT weaken " : N . TE
Az.p®)ax b T Ve.z =z — p*),x=ry, T Fp° deduct antisym
(Voo =ro—p)o = ybpt =, T
- beta
(Vez.z =,z —p*),z =yt Az.p)z=,(Mz. T)y .
weaken
(Vez.z =,z —p*),z =yt Az.p*)z=,(Nz. T)y :
—

Ve.x =z —p )=y — Az.p)z=, A\x. T
(v, fresh) (Voo =z—p o=y — Qep)a= ATy I+
Ve.z =0 —p)FVoyo=y— Av.p*)z=, Az. T)y defin
em=

Vzy.x =z —p°)F ((/\7‘ P°*) =rmo (Az. T))

P
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! i9
(M Qz.p) FVey.x=y—p* (rz=z—p")z=y THp

- . deduct-antisym
F (M. p®) om0 (Az. T)) = Vz y. 2 = z —> p*)

beta
F(Az. 2 =000 (A2. T)) (M. p').zo Ve y.x éj x —p°) defne + Te
F((Az. 2 =0m0 (A2. T)) (A2 p))* =, V2 y. 2 =; 2 — p®)
- defnV
TN ——
Existential Quantification
@ @ "
(Blp)* - (@p) defn3 + beta
(B p)°t+ (Vzo.(Vx.px — 2p) — 20)"
N " . Ve + beta refl
(/7] (@A p)etVaz=,z— (Ve.pr — 2) — 2) VE Fz=,z dofn
Blp)kz=z— (Vo.pr — 20) — 2)° b2,z
—E N N assm
(@A p)*F((Vo.pr — 2,) — 2,)° Vo(x =, 2 —p*x) — 2, F Vo (o = 2 — p* ) — 2,
— o + defne N Ve+ — e
([FAp)F Ve.pr — 2,)* — 2, Va.(x =2 —p*a) — 2o F (Vo.pr — z,)° E
(B p)*Vo(z =z —p*a) — 2o b 2 :
N

(e fresh) D F R Z e —pe) —20) =z
(E1p)* FVzo.(Va. (v 21 & — p* 3) — 20) — 2,

- defn3
Blp)ekE Mer. =2 —p*x)
!
assm
3 Arz =z —p*2)F [T Avr.x =2 — p® )
defn3

B Azr.x =z —p* z) FVzo.(Va.(z =7 2 — p° ) — 20) — 2o VE

2/2]
B Aar.z=rz—p* )k Vo(z =,z —p*a) —z) — 2 Vot 5 o+ dofne

B A\zr.z =2 —p*a)k (Ve.pr — 2)* — 2
— o + defne

Bz z=z—p* )k (Vo.px — 2) — 2)*
weaken

—I
(+ fresh) B Oarz=rz—pz)bz=yz— (Vz.pz — 2) — 2)° i
Bl Ozrz=rz—p*z)FVa.z =,z — (Vo.pz —> 2) — 2)°

B Aer.x =2 —p*a),z =,z (Vo.pr — 2) — 2)*

Ve + beta

1 B Aar.z =2 —p® )k (Vzo.(Vw.px—>zo)—>zo)'
(@A p)FE A\er.z =2 —p®2) 3 A\zr.x = 2 — p®*2) - ([3] p)*
F (@ p)* =03 Qar.z =2 —p°* )

defn3 + beta

defn3

Disjunction

FVve®=op"Vq®

The proof follows by defnV and —e, in a similar fashion to the proof of Je.

False

Fl®=, L1

The proof follows by defn L, Ve, and refl.
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Negation

F(=p)® =, —p

The proof follows by defn—, Le, and —>e, in a similar fashion to the proof of —e.

Universal Type-Quantification

Note that [Vy,| is a definition in PHOLg,, but a primitive symbol in PHOL.

(Vy] (Acv. p))® F ([Vy] (Aa. p))*
(o] (A p)* F " 1o (A T .
(ool ([Vy] (Aa. p))® F Vya. E(a) — (Ao p®) [a] =, (Aa. T) [ VE + beta assm
([Vy] (Aa. p))® F E(a) — (Aa. p®) [a] =, (Ao T) ] Ela) F E&(a) E
() (Aot )", E(a) F (R 1) fad = (A T Fad |
(o] (ha9))* El) (R b =, T .
(] (Aa-9))",E@) - T =, (Aa. ") ] o
([¥] (A p))*,£(0) F (Ra ) fo .
(Vy] (Aa. p))*. E(a) - p*la/a]
¢ ey ) (P E@afol — p'lajal
(Vy] (Acw. p))® F [Vy] (Aa. E(a) — p°)
i1

defnV + defne

mmwmemwmma>pﬁf
Vy] (Aa. E(a) — p*) F (Acv. E(a) — p®) [ i
0TI tybeta
FT  veaken [Vy] (A E(@) — p*) - E(a) — p° E(a) F&(a) E
p*ET V] (Aaw. E(a) — p*), E() - p*
V] (Aa. E(a) — p°*),E() Fp* =, T
V] (Aa. E(a) — p*), E(a) + (Aa. p°) [a] =, (Aa. T) ]
(o fresh) Vy] (Aa. E(a) — p*),F E(a) — (Aa. p®) [a] =, (A T) o] It
1 V] (Aa. E(a) — p®), F Yy E(a) — (Aa. p®) ] =, (A T) [} dofn
(Vy] (A p))*, E(a) - [Vy] (Aa. E(ar) — p*) V] (Aa. E(a) — p*),F (Aa. p*) Zq1a.0 (A T))
F (Ao p*) Zomo (Ao T)) =, [Vy] (A E(a) — p*)
F (A2 2 =0m0 (Aa. T)) (A p*) =, [Vy] (A E(a) — p*)
- (()\z 2 =m0 (Aa. T)) (Aa. p ) =, [Vyy] (Aaw. E(a) — p)*®

F (Vy] (A p))® =, [Vy] (A E(a) — p)°

deduct-antisym

tybeta

deduct-antisym
beta

defne + Te

defnV

B.210 mk-comb=

The rule
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F'ks=ront AFu=,v

mk-comb=

LAFsu=ptv

holds in PHOL.

Proof-
LFsZnent defn

I'EVoyo=,y—sx=pt
[u/z,v/y] Y - Y - =Y (VE)* .
N'ru=rv—su=ptv AFu=,v

[AFsu=,tv

O
B.2.11 tyapp=
The rule
'k s® éAoz. rt* .
. tyapp=
[LE(a) b s® [a] =, t° o]
holds in PHOL.
Proof-
Mks®= y .
" o7l defn=
' Vya. E(a) — s* [a] =7 t* [
[a/al z ; ViyE ————————— assm
Ik &(a) — s® [a] = t* [ E(a) FE(a) B
%
[ E(a) b s® [a] =, t* [«
O

B.2.12 The Substitution Lemma

The substitution lemma says that, assuming that between two substitutions §; and 0, the
substitute term for each variable is extensionally partially-equivalent to the other, then sub-
stituting into a term s by 6; in extensionally partially-equivalent to substituting by 0,.

Stating this formally, we first define R as

R(s,0;,0,) 2 {x[0)] = z[0.] |z € FV(s)}
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Note that this devolves to R(s) when the substitution is empty.

The main theorem is as follows: If s does not contain [=], except on o and ¢, then

subst. lemma.

E(s),R(s,01,0,) F s[0;] =: s[6,]

Proof. By induction on s.

Case z:
assm
0 =, z[6,) F z[0;] =, z[0,
o100 =, alo,] - alo] = al0]
R(x,0;,0,) - z[0)] =, z[0,
(@, 0, 0p) 0] = 2lbn] o
E(x), R(x,0,,0,) - z[0;] = z[0,]
Case \z. s:

To begin, there are four subcases, depending on whether z is in Vars(6;) or Vars(6,).

If a/z is in 6;, we rebind 6; as (6;,a/z) = ;. Then (Az. s)[0;,a/z] = (Az. s[f]) by the
definition of substitution; if b/z is in 6,, then we perform a similar step for 6,. In all cases,
by this rewriting, the goal is then

E(s),R(\z. 5,00,0,) F (Nz. 8[0)]) =7, =, (A2. 5[0,])

- LH.
E(s),R(s, (01,x/2),(0r,y/2)) F s[O1,x/z] =+, s[0r,y/%]

E(s),R(\z. 8,01,0,), 201, ¢/ 2] =, 2[01,y/2) - s[01, /2] =+, s[0r,y/7]
E(s),R(\z. 8,0,,0,),x =5yt s[0,2/2] =, s[br,y/2]
E(s),R(\z. 8,00,0,), 2 =1, y = (2. s[0)]) © =, (\z. s[6,]
E(s),R(\z. 8,0,,0,) F o =7 y — (Az. s[0)]) v =, (\z. s[0,]) y
E(s),R(\z. 5,0,0,) EVz y.x =1 y — (Az. s[0)]) =5, (A\2. s[0.]) ¥
E(s5),R(\z. 8,00,0,) F (Az. s[0)]) =r,=r (Az. 5[6,])

defnfR

defn-subst

beta
)y

—1
VI+
defn=

(z,y fresh)

Case s t:

LH. LH.
5(3)79%(87 9l79r) - S[el] éJ:M' 5[01“] 5(t)7%(t 9[, ) = t[el] éU t[er]
[

E(s), £(1), R(s, 0,0,), R(t, 01, 0,) b s[01] 1[01] = s[0,] [0,]
E(s),E(t), R(st,0,,0;) = (s 1)[0] =r (s £)[6r contract
£(s). £(1). R(s 1.0.6,) F (s D[O) 2 (s 6]

E(st),R(st,0,0,)F (st)[0)] =- (s t)[6]

mk-comb=

defnfR

v
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Case [=],:

Only occurs as [=], or [=],. Let x stand for the type in either case; then:

assm
1=y y1 1=y Y1
Sym assm assm
1=y Y1 Fy1 =y 21 T1 =y T2 - X1 =, T2 $2:Xy2k$2zxy2t N
rans
T1 =y Y1, T2 =y Y2, T1 =y T2 y1 =y Y2
i1
assm
T2 =x Y2 Fy2 =x T2
assm assm Sym
1=y y1 bz =y Y1 =x Y2 Fy1 =y ¥2 Ty =y Y2 b y2 =y 12 ranst
rans

T1 =y Y1, T2 =x Y2, Y1 =x Y2 - 71 =y T2
‘9

‘1 ‘9

T1 =y Y1, T2 =y Y2,T1 =y T2 - y1 =y Y2 T1 =y Y1, T2 = Y2, Y1 =y Yo = 21 =, T2 ]
deduct-antisym

T1 =y Y1, T2 =y Y2, T1 =y Y1, T2 =y Y2 - (¥1 =y 22) =5 (Y1 = ¥2)
contract

T =y Y1, T2 =y Y2 (X1 =y T2) =0 (Y1 =y ¥2) VI + 1

(fresh x1,41)
FVar g2 =, y1 — (Vo2 yo. 2 =y y2 — (21 =y @2) =0 (Y1 =y ¥2) defat
emn=—

= [:]x éxéx:w [:}x

defn-subst
= [=Ix[61] é><:>><§0 (=]x[6:] defnt
R([=],60,0,) - [=]x[0/] éxéxéo [=Ix[6r] defn€
E([=D, R([=] 60, 60r) F =130 =x=x=o [SIx[Or]
Case =]
defn& + AE
SISV E [ Sy [=
([ ]a) [ ]a =a= [ ]a defn-subst
E(E]) F [E],101 =ama=o [=],[0r
) o o B
E([F1a) R(F] 00, 0r) F [F10101) =ama=o [Fa07]
Case Aa. s

- LH.
Es) F slbr] = 510 defn€ + weaken*

E(Aa. s),E(a) & s[0)] =, s[01]
defn-subst

E(Aa. 5),E(a), T+ slb)][a/a] =; s[0;][a/a]
tybeta
E(Aa. 5),E(a),T + (Aa. s[0)]) [a] =- (Aa. s[0,]) [«] .
—
E(Aa. s), T+ E(a) — (Aa. s[0)]) o] = (Aa. s[6,]) [
(v fresh) Viyl
E(Aa. s),T FVya. E(a) — (Aa. s[0)]) [a] =7 (Aa. s[0,]) o] dofin
efn=
Aa. s),T'F (Aa. =la. r (A 8]0,

£(ha )T (Ao sl0]) Znecr (R sffe])

(renaming « if necessary)

E(Aa. s), T+ (Aa. 9)[0)] =11a. » (M. 8)[0,]
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Case s [:0]:

ILH.

E(s),R(s,00,0r) - s[0)] =n1a. 7 s[0r]
E(s),R(s,0,,0,) F s[0)] [o] =: s[0;] [:07]
E(s), (s, 00,0,) b (s [o])[0i] =7 (s [o:])[6]

E(s), R(s [, 00, 0r) - (s [o])[01] =- (s [o])[0r]
E(s [01), R(s [0, 01, 6r) = (s [o])[0)] == (s [o])[6r]

tyapp=
defn-subst
defnfR

defn€ + weaken*
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Appendix C

C.1 Proofs of Translation

C.11 Translation Validity

Recall, the proof rules of PHOLg, are

Structural

assm
pEp
I'kp I'AAFDp
———— weaken ————— contract
I''AkFp I''AkFp
Equality

a I'ks=t Al—t:utrans
re
Fs=s F,A}_SZU

I'kFs=t Atu=w
mk-comb beta
LAFsu=twv F(Ax. s) t = s[t/x]

Lrs=t abs (rnotint) ———— eta
I'E(Az.s) = (A\z. t) F(Az.tx)=t

I'Fs=t a beta
ks =t[7] R F (Aa. s) o] = s[o/a] oybet

(a notin I) [rs=t tyabs (a not in f) tyeta
' (Aa. s) = (Aa. t) F(Aa. f o)) = f
Ibs=,t Ats Lgkp Aphkg .
eq-mp deduct-antisym
ARt IN'AFp=,q¢q

Axioms

( not in I')

(z not in p) select-ax infinity-ax
Fps—p(ex.px) F3(f:¢=1¢).inj f A —onto f

Proof of correctness of translation of theorems is shown by induction on the proof tree of
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the theorem.

Cl2 assm

The rule assm is

assm
pkp

and translated, this rule is

(] [ ] (] (] assm.
E(p*), R(p*),p* Fp
This rule is derivable as follows
S , assm
p b
S P S weaken
E(*),R(p*),p* = p
C.1.3 weaken
The rule weaken is
I'kp
——— weaken
I''AFp

The translated rule is

E(F.ap.)v R(F.ap.)v re+ p.
g(r.a A.vp.)7 R(F.v A.ap.)a F.7 A. F p.

which follows immediately from the definition of £, the definition of reflSetSym, and
weaken.

C.1l4 contract

The rule contract is

A AFDp
I''AkFp

contract
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The translated rule is

E(I*, A% A% p%), R(I'°, A%, A, p®),I'°, A®, A® F p*
E@®),R(p*),I'*, A% - p*

which follows immediately from the definition of £, the definition of R, and contract.

C.l5 refl

The rule refl is

Fs=s
Translated (with slight simplification using contract), this rule is

refle

E(1),E(s*),R(s*) F s* =, s*

which we can prove admissible by appeal to the substitution lemma on an empty substitution

C.1l6 trans

The rule trans is

I'ts=t Art=u
IN'AFs=u

trans

translated (using the specialised translation for =), this rule is

5(7—)75([‘.7 5.7t.)7R(F.7 s',t').,l" Fs® é‘f‘ t* 5(7—)75(A.7t.vu.)vR(A.vt.vu’)v A* - t* é7' u®
E(T)75(F.7 A., S.,U.)7R(F.7 A', S',U.)7F.7A. Fs® é:,— u®

transe

To prove this, we instead show the more general rule

E(1),E,s,1), URy, T Fs=,t &E(1),E(As,t),UR,AFt=u
E(T),E(T, A s,u),T,AFs=,u

trans=

the correctness of transe then follows by careful application of drop-unusedR and drop-
unused€ .

The rule trans= is admissible.
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Proof. By induction on 7.

Case x (0/1):

E), UR, E(,s),R(L,s),TFs=t o E), UR, E(Au), R(Au),AFt =, u defi
E(t),UR,ET,s),RT,s),I'Fs=1 E(t), UR,LEA u), R(Au),A-t=yu
E(),E(t), UR, UR, E(L, A, s,u), R(I' A, s,u), T, AF s=, u
E), UR,ET, A, s,u), R(T,A,s,u),T,AFs=,u
E(),E(URy),E(T, A, 5,u), R(T, A, s,u),I,AFs=yu
UELEMT, A, s,u), R(T, A, s,u), T,AFs=, u
EM, A, s,u), R, A, s,u),I,AFs=yu

ET, A s,u), R(T,A, s,u),T,AF s = u

trans

contract

drop-unusedR

contract

drop-unused&

defn=

nb. E(x) =0

Case 1 = 79:

E(r = 1), ET,s),EF), UR,TFs=rnt defns
efn=

E(r = 79),E(T,8), E(), UR,, T F Ve y.o 20 y —s s 2 =, ¢
(/g py) SO PV EL L EW URGTF oy 20 y 72 50 Zn Y gy,

E(r1 = 1), EM,8),ER), UR, T o=, y—sz=pty

E(n = m),E(,s),E1), UR,T,o =, yFsx =ty

5(7’2),5(71:>T2),€(F,$),g(t)7URt7F7$éﬁykszv;mty

f91

—E + assm

weaken

g(Tl = 7—2)75(A7u)75(t)7URt7A }_ t éné‘rg u

defn=
E(r = 1), E(Au),E(t), UR;, AV YL =r Y2 — LY =1
/yn,yy) ST T EG W EO URG AT 2t Zn 2 D U T R
E(r1 = 1), E(Au),E),UR,Aty=ry—ty=r,uy
E(r1 = 72),E(Au),E(t), UR, Ay =r y bty =r, uy

E(m),E(m1 = 1), E(Au),E1), UR, Ay =1 ybty=r uy

—E + assm

weaken

2.2
. . _assm
T=nytr=ny .
. s sym= —(/———— assm
8(7—1)7-77:7'1 yFy=nx r=nytz=rvy
. . weaken : . weaken
5(7’1),&5:7-1 yFy=nz 5(7—1)11':7'1 yFr=ry

1H

5(7_1)71';71 y7l'é'rl yl—yén Yy
1
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i1 i99
1 E), UR,E(T),E(m1 = 1), ET,8), T, = yrsa =ty E),UR,E(M),E( = 1), E(A ), Ay =1 yFty=r,uy H
En),x=n gz =yt y=ry E(12), E(T, A s,u),E(m1 = 12),0.E(T1 = 7), Ay =, y,o =, ybsa =, uy

~ ante-subst

E(n),E(m),E(11 = 1), E(11 = 1), E(), E(T, A, s,u), T, A x 20y g0 =y, 0 = Yy se=nu
E(r = 1), (), (I, A, s,u),I A w = yFsa=ruy
(1 fresh) E(r = 1), EM, A s,u), I, Abe = y—sz=ruy v
E(m1 = 1), E(0, A s,u), A FVey.o = y—sz=rpuy defn
efn=
E(r1 = 1), E(L, A, s,u), T, Ak s =1 oru

i contract + defn&

—1

Case (II(aw :x S). 7 g L):

E(t). URy, E(Ha. 1), £, 8). T F 8 Zqpa. - £ dein E(t), URy, E(av. 7), E(A,u), A b t 210+ u dein
fafa] £(1), URy, E(Ia. 7), £, 5), T F Vya. £(0) — s [a] =, t [a] Vo rbeta  [a/a) g(f):URt-g(H”- ), E(A,u), AFVya. E(a) —tlad =5 u o Vo + beta
E(). UR, E(lla. 7). £ 8) D H (o) —sbal 2 tfa] 7 E(1). UR, £(lla. 7). £(A u). AL @) —tfo 2 ufa] 7
E(1), URy, E(Ma. 7),E(T, 5),T, () F 5 [a] =, t ] el + weaken- E(), UR, E(Ma. 7), E(A,u), A, E(a) F t o] =7 u ] defa€ + weaken*
£(t o), URy, £(r), (L5 for]), T, E(0) b s o 2 tfod ) E(tfal), URLE(T), EA ufa]), A E@ o] 2 ufa] o '
E(t [a]), UR; oy, E(1), E(T,s ), T, E() - s far] =1t ] E(t [a), URy oy, E(7), E(A u [a]), A, E(a) F t o] =7 u ] L
E(1),E(T, A s [, u [al), T, A E(a), E(a) F s o] =7 u ] contract ’
E(Ma. 7),ET, A, s,u), T, A E(a) s [a]
(fresh o) E(la. 7),E(T, A, s,u),T,AF E(a) — Vol
E(Ma. 7),E(T, A, s,u), T, A FVya. E(a) — s [a defn
E(Ma. 7),E(T, A, s,u), I A F s = 7 u
Case «:
defn& + AET
Vi =a =a =
(ofastfyouys] SOLEIIV T Zay DY Fa T DT F s
Ela)Fs=qt —t=qu—s=qu E(t), UR, E(a),EM,s), T Fs=qt &), UR,E(a),E(Au),AFt=qu

—E*

E),E(t), URy, URy, E(a), E(), E(T, 5), E(Au), T, A s =q u
£(t), URL £(a),E(T, A, s),T, Ak s 20 u
Et),E(URy), E(a), ET, A u,s),,AFs=4u
UELE(a),ET, A u,8),T,AFs=,u
E(a),EM,Au,8),T,AFs=qu

contract

drop-unusedR

contract

drop-unused&

C.l7 mk-comb

The rule mk-comb is

'kFs=t Arlu=wvw
IN'AFsu=twv

mk-comb

translated, this rule is

E(r1 = 12),E(T, 5%, t%), R([*,s°,t°), T F s® = ry t*  E(11), E(A%,u®,v®), R(A%, u®,v®), A% u® =, v
E(12), E(T*, A% (s u)®, (tv)*), R(T*, A% (s u)®, (tv)*), [, A% F (s u)® =4, (tv)*

mk-combe

which follows from mk-comb= (Subsection B2 10).
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E(r = 7). E(L° 019 RO 0. 19). T b s* 2y 10 E(n). E(A% 0 0%) R(A wt 0?) At 20t
E(r = 7). E(L%, 8 19). R(C*, 0, 1). £(m), £(A% u* ) RA® wt 0). T* A% b st 2 100t
E(r1),E(72), E(T*, 5° 1), R(T*, 5°, 1), £(1), E(A®, u,v*), R(A®, u®, v°), T*, A® b 5* u® =, £° v°

E(ra), E(T°, 5%, %), R(T*, 5°, %), E(A®, u®, v*), R(A®, u®, v*), [, A® F s* u® =, t* v°
E(r2), E(T*, A%, (s w)*, (1 0)*), R(T*, A%, (s )*, (£ 0)*), T, A F (s 0)* 2, (1 0)°

drop-unused&

defne + defn€ + defnR

C.1.8 beta

The rule beta is

beta

F(Ax. s) t =; s[t/x]

translated, this rule is

E(7), E(((Az. 5) 1)%, (s[t/x])®), R((Aw. 5) 1)°, (s[t/])*) F ((Az. 5) £)* = (s]t/2])®

The proof is

F (Az. s®) t* =, s*[t*/z]) beta E(1),E((Ax. s°) t°), R((Az. s*) t*) F (Az. s°) t* =, (Az. s°) t° i:\t/]v.rite
E(1),E((Ax. s®) ¢ (Az. s%) t) F (Az. s°) t* =, s°[t*/z])
E(T),E(((Ax. s) t Az. 5) t)*) F ((Az. 5) t)® =, (s [1‘/7])'
E(1), E((Ax. 5) 1)°, (s[t/x]

Az, 5) 1)%, (s[t/x])*) F ((Az. 5) £)* =7 (s[t/x])®

defne + subste

weaken

°

C.19 abs

Recall the proof rule abs is

(#z not in I) [rs=t abs

L' (A\z.8) = (Az. 1)

translated, this rule is

(= not in T*) E(m2), (T, s%,t%), R(I'*, s%,t*), T I s* =, t* b
z not in abse
E(r1 = 1), (T, (Nz. 5)%, (Az. 1)), R(I*, (Nz. 5)*, (Az. £)*), T F (A\z. 8)® =15, (2. 8)®
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The proof is as follows

E(m), E(T", 5%, 1%), R(T™, 5%, £%),T" k- 5* =, 1* .
(= notin T) E(ra)[w/2], E(T*, %, 1%)[x/2], R(T*, 8°, 1) [/ 2], 1“'[J/Z] Fstlw/2] = 1 [J/Z] defa-subst + defa.
£ e/ ET 5 D)oo, RO, a1 Pla ) T F a2 ]
Bl B e Al o D /) 2 o)
() 8" ) R, 0 ) .00 ) ) I F Q) 020 O )2 o E(n = 1) (O ) RO D) F Oz )" =, Q)
E(12), E(T, s, 1%), R(I*, (Az. s*), (Az. t*),z = w2 = 2, T* F (A\z. s*) o =, (A2 ) @ contract E(m1 = 72), EAT. %), R(Az. t*) F (A2 t°) =1, (A2 £°) mlcombe + assm
E(m2), E(I'*, 8%, %), R(I®, (Az. s*), (Az. ). Tz = x - (A\z. s*) 2 =, (A\z. t%) @ defné E(n = ), EQa. t*), ROz £°), 0 =7, y - (Ao t*) o =7, Az %) y defn€ »
E(r), E(T,s%,t%), R(I*, (\z. 5°), ()\M. t*). I e =ak (A2 s%) o =, (\z. t°) x (1), E(m2), EAx. t°), R(Ax. t°), 2 = y - (Az. t*) @ =, (Az. t°) y

— trans=

E(11),E(11),E(12), E(T*, (Az. 5°), (Az. 1°)), R(T*, (Az. s‘)..(Az. 1), Tz =, z,0 =, yk (A2 s%) =, (A2 t%) y
1

——————————————— assm
T ykasny
assm syme .
rEnybrEny E(m)a = ybysna transt i1
E(n)a=nybasqa E(m), E(), £(), E(I*, (2. 6), (Az. £2)), R(E*, (A2 67), (2. £9)), [0 2wz 2y Az st 2 (2 89y
ante-subs
E(n),E(m),E(1), E(n), E(T*, (A2 8%), (A2 1)), R(I®, (Az 8°), (A2 1%)). I 0 = yow =y y - ((Az 5) 1) =o, (A2 1) y)*
E(r1 = 1), E(T*, (Az. 5%), (Az. 1)), R(T*, (Az. 5°), (A2 1)), T, & =, y b (A2 8) 2)° =1, (A2 1) y)*
°),

E(r = 1), (%, (Az. s%), (Az. 1)), R(I", (Az. s%), (Az. £9)), %z =, y+ (Az. s )kn (A=t y

(
*)

defn& + contract

defne

—1
(e ) 7 PHET 0 87, 0 ), ( (s s, (A~ 1), T%E(m = m) F a2y — (s s) a2, () y
o E(m1 = 1), E(*, (Az. s°), (A2 1*)), R(I'*, (A2 %), (Az. t°)), T  F Vo y. o = y — (Az. s*) o =, (A2 t%) y dofat
E(r=m),EM*, (N2 s ) ()\z %)), (F' (Az.8%),(Az. 1), I* F (Az. 8°) = or, (A2 £°) dofne
E(r1 = 1), E(T°, (Az. 5)°, (Az. 1)), R(T*, (Az. 8)°. (Az. )°).T° F (Az. 5)° .
C.110 eta
The rule eta is
(z not in t) eta
FAx.tz) =ront
we show that the translated proof rule
(x not in t°) etae

E(r = 1), E((Az. t* 2),t°), R(A\z. t* x),t%) - (A\z. t* x) =1 =y E°

is derivable in PHOL.

The proof of eta translation is as follows

- refle - - assm
5(7_1 = 72)75(t.)aR(t.) Ft® =T1=T2 t* Y1 = Y2 = Y1 = Y2 .
- - mk-comb=
E(r = 72),E(°), R(t*), 41 =r, Y2 F* y1 =1, t°* y2 bota
E(r = 1), E(°), R(t*),y1 =r, y2 F (Az. ° ) y1 =4, t* Yo N

E(m = 1), E(t°), R(L°) Fyr =, y2 —> (A2 1° 2) y1 =r, ° 2 +

(fresh y1, y2) "
E(r = 12) E@) RUT) Wy gy Znve — Qo 2) yr Zn g o
E(r = 1), E(L%), R(t%) F (A\z. t* x) énén t*

E(m1 = ), E((Ax. t* x),t*), R((Az. t* ),t*) F (A\z. t* x) =1 0ry E°

weaken
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C.1l1l tyapp

The rule tyapp is

I'Fs=pa -t
IAF s fo] =7 t [

tyapp

translated, this rule is

EMa. 7),E(T*, 5%, t*), R(I'*, s*,t*), T F s* =4, - t*

. tyappe
E(1), E(*, (s [ed])®, (¢ fad)*), R(T®, (s [eu])*, (¢ fad)*), I = (s [e])* =7 (¢ [ad)®
To prove this, we use the rule tyapp— (B=Z1I)
I'Fs® éAoz. - t* ¢ .
a =
E(a),TF s* [a] =, t* [a] YIPP
The proof is as follows:
E(Ma. 7),E(T, s%,t%), R(I*, s*,t%),I*, F s* =p1q. - t° .
~ tyapp=

EMa. 7),E(a), E(T®, 5%, t%), R(T*, 5%, t*), T I s° [a] =, t* ]
E(1),E(a),E(T®, 5%, t%), R([*, 5%, t*),T* I s* [a] =, t°* [:a]]
E(1),E(a),E(a),E(T®, s%,t%), R(I®, 5%, t%),T* F s* [a] =, t° [:a]
E(7), (1%, * [, t* [ad), R(T*, * [ad, ¢ ), T* | s ] =, £* ]
E(r),E(T* (5 forl)*, (¢ d)*), R(T*, (5 bed)®, (¢ fend)*), T° - (5 fed)® = (¢ fad)*

weaken + defn&

weaken
defnR + defnf
defne

Note that £(Ila. 7) produces £(7) in the following manner. By cases: if FVy(7) contains
«, then we may use weaken to generate these assumptions; if it does not, then £(Ilaw. 7) is

equal to £(7).

C1l12 tybeta

The rule tybeta is

beta
F (Aa. s) 0] =7 s[o/a] oybet
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Translated, this rule is

E(1),E(((Aa 5) [a]), (s]o/a])), R(((Aa. 5) [o]), (slo/al)) - (e s) [od)* =7 (s[o/a])®

Proof:

tybeta - refle
F (Aa. s°) o] =; (s*[o/a]) E(1),E((Aaw s) [0]), R((Aaw. s) [o]) F (Aa. s°) o] =7 (Aa. s°) [0

E(1),E((Aaw. 8) [0]), R((Acw. 8) [io]) F (Aa. s°) o] = (s*[o/al)
E(1),E((Aa. 5) [o]), R((Aa. 5) o) F ((Aa. 5) [o])® =+ (s[o/a])®
E(7), E(((Aaw s) [o]), (s[o/a)), R((Aav. 5) [o]), (slo/a])) F (Aa. 5) [o3])* =7 (s[o/a])®

rewrite

defne + tysubste

weaken

C113 tyabs

The rule tyabs is

N-s=-1t
(a not in I") i tyabs
I'F (Aa. s) =110, + (A t)

translated, this rule is

. E(T),E(T*,s%,t%), R(I®, s%,1%), T F s* =, t°
(o not in I'®) tyabse
E(Ma. 1), (T, (Aa. s)*, (Aa. 1)), R(T®, (Acw. 5)°, (Aa. 1)*),T* F (Acw. 8)® =110, (A £)®

The proof of this rule is as follows

E(T),E(T*,s%,1%), R(I®, s%,1°), T F s* =, t°
E(Ma. 7),E(a), E(T°, (Aa. s*), (Aa. t°)), R(L®, s%,¢*), T F s* =, ¢°
E(Ma. 7),E(a), E(T°, (Aa. s*), (Aa. t°)), R(L®, (Aaw. s°), (Aa. t*)),T* - s* =, t* tybeta
£ (Il 7),(0), £(I*, (Ao %), (Aa- 1), R, (Aa ) (har ), F (e 7)ol =, (A 1) o]
(@ fresh) E(la. 7),E(L*, (Aaw. s°), (Aa. t*)), R(T*, (Aa. 5*), (Acw. t°)),T* F E(a) — (Aa. s*) [a] = (Aa. t*) o] Vol
E(Ma. 7),E(T, (Acw. s*), (Aa. £°)), R(I'®, (Acv. s°), (Aaw. 1°)),T* F Vyyor. E(or) — (Aav. s°) o] =7 (Aa. t°) [ def
E(Ma. 7),E(T°, (Aa. s°%), (Aa. t*)), R(T®, (Aa. s°*), (Aa. t*)),T* F (Aa. 8°) =114, - (Aa. t*)
E(Ma. 1), (T, (Aa. 5)*, (Aa. £)*), R(T®, (Acw. 5)°, (Aa. 1)*),T* F (Acw. 8)® =110, (A 1)®

weaken® + contract®

defnR

defne

Note that, as E(Ila. 7), E(T'®, (Aaw. s°), (Aa. t*)) and R(T'®, (Aa. s*), (Aa. t*)) do not con-

tain «, the condition ‘«c fresh’ reduces to ‘« not in I'*’.

Cll4 tyeta

The rule tyeta is
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(a not in f) tyeta

F(Aa. f [o]) =110+ f

Translated, this rule is

(o not in f*) tyeta

E(la. 7). E(Aa. f* fal), f*), R((Aa. f* ), f*) F (Aav. f* [o]) Z1a. - f°

Proof:
refle
E().E(U* L)) RIS fad)*) - (f bad)* 20 (fLad)*
( ) ( [a]) ( [ ]) l_ f. [ :] é7' f' [:Cl:] defng +defnR
EMa. 7),E(f*), R(f*),E(a) F f* o] =, f* [a]

(a not in f*)

R(/
type-beta
E(la. 7),£(/*), R(*), E(a) - (A [* fd) ] =7 f* o]

) . . . . —I
(a fresh) E(Ma. 7),E(f*), R(f*) F E(a) — (Aa. f* [a]) [a] =7 f* o] Vil

EMa. 7),E(f*), R(f*) F Vya. E(a) — (Aa. f* [a]) o] = f* [ defn
E(Ma. 7),E(f*), R(f*) F (Aa. f* []) =110 7 [*
o motin oy ST IV RUP LI e o) Zna o £
EMa. 1), E((Aaw. f* [er]), f°), R(f*) b (Acv. f* [ev]) =10~ f*

weaken

defnR

EMa. 1), E((Aa. f° o), ), R((Aa. f° [:a), f) F (Aa. f* [a]) =110+ f° defe

EMa. 1), E((Aa. f° [ad]), ), R((Aa. f° [:a]), f) F (Ac. f [a])® =na. + f°
Cl15 eq-mp
The rule eg-mp is

I'Fs=,t AFs
-m
ARt P
Translated, this rule is
E(* 5%, t°), R(T*, 5% t°), " Fs* =, t* E(A®,5%),R(A®,s%),A* |- s*
eq-mpe

E(T®, A%, %), R(D*, A%, 1*),T°, A* - t*
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To begin, define the following abbreviations
P& 2 E(FViy(s*) NFViy (I°, A%, %))
UEge £ E(FViy(s®) — FVi (%, A%, 1*))
PR 2 R(FV(s*) NFV (I, A%, t%))
URse £ R(FV(s®) —FV(I'*, A%, %))

[I>

PEyr..
Ufur..

(FViy (URe) NEV (I, A%, 1*))
(FViy(URg) — FVi (T'*, A®, %))

(1>

£
&

From these, it follows by he definition of £ and R and set arithmetic that
E(s*) =PEg UUE e
R(s*) = PRse UURe

Pyr,. CET*, A%, 1°)
Ufur,. C U

The proof is as follows:
E(I* % 1), R(®, 5% 19), T ks 0 1t
E(%, 5% 1°), R(L*, 5%, 1°), [* F s* =, {* E(A®), R(A®), E(s*), R(s*), A® F s°
E(A%), R(A®), £(s*), R(s*), E(I*, A, 1°), R(I*, A", 1*),[*, A* F {*
E(s*),R(s*), E(T*, A®,t°), R(T*, A®, 1), T*, A® |- t*
URye, UEye, PRye, P, E(T°, A®, %), R(*, A®,£*), %, A* |- t*
UEse, URye, E(I%, A%, 1°), R(L®, A®, 1*), [, A® F ¢*
UE,e, E(URe), E(T*, A%, 1%), R(T®, A*,t*),T*, A - t*
US., Ulur.., PEUR..E(T®, A® 1), R(D*, A® %), T* A® |- *
U, E(D°, A%, 1%), R(T*, A, 1*), %, A® | t*
E(T®, A%, t*), R(D*, A®,t°),[* A* |- t*

€q-mp

contract
defn€ + defnR
contract

defn&

drop-unusedR

contract

drop-unused&

C116 deduct-antisym

The rule deduct-antisym is

Iigkp A,pkg
[AFp=,q

deduct-antisym

translated, this rule is

E(T*p%q%), R(T*,p%,¢*), I%,¢* Fp*  E(A®%p% ¢%), R(A®,p%, ¢%), A%, p* I- ¢°
g(F.7A.7p.7q.)7R(F.7A.1p.7 q.)7r.7A. }_p. =0 q.

deduct-antisyme
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The proof of this rule is as follows

ET®,p*,q°), R(C*,p%q%),T*,¢* = p*  E(A%p%q%), R(A%p%,¢%), A% p* eqmp
g, p*, q’),R(Tﬂp q*), E(A%p®, %), R(A%,p%,¢*), I, A* Fp* =, ¢°
contract
E(L* A% p%,q%), R(T®, A%, p%,¢%), %, A® = p® =, ¢° .
defn=
E(T*, A*,p® ’),R(F’,A'7p°,q')71“',A° Fp® =oq°
C.117 select-ax
The rule ‘select-ax’ is
select-ax

Fpx — p(ex.px)

translated, this rule is
" " S select-axe
E(lpr —p(ez.pa)*),R((px —p(e2.p)*) - (pz —> p (e7.p 7))

Note that this proof relies on the fact that ¢®* = ¢ and (s — t)® = s* — t°.
Proof-

e o ) select-ax

Tz — ex.p® x
- p. p. ( b 0 ce + defne
T — ET.D T
P b b — e + defne
weaken

Fpx — p(ez.px))®
)

E(lpr —p(ex.px))*),R(pr — p(ex.px))*) F (p2 — p (c2.p ))* .

C.118 infinity-ax

The rule ‘infinity-ax’ is

infinity-ax

F3(f:e=1¢).inj f A —onto f
translated, this rule is

infinity-axe

F(3(f:e=1¢).inj f A —onto f)®

Note that the theorem has no free variables or free type-variables, as such, its £ and R are
both empty.

This lemma depends on the translation of onto, and inj, and these in turn rely on the
translation of [V] and [J]. A crucial point to note is that becase - (f =,—, f) and T —
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p = p, that the additional complicating assumptions can be removed from the rules Ve and
Je. The proof of infinity axiom is then by simply unfolding the definition e.

Here is the proof that f =,_., f is true:

refl

Ffox= fx .
rewrite + assm
r=ybfrx=fy
Fe=y— fax=fy -l
(z,y fresh) vy : VI
FVYxyorz=y—fzxz=fuy .
defn=

Hf = f

C.2 Not Trivial

The proof that the translation is non-trivial is in three steps.

C.21 Step 1: Mapping Backwards

We first define the mapping (—)° from PHOL terms to PHOLg,, terms.

8

T
Ax. s°

/\/\A/\/&J\/—\/-\/-\
=
C\_/
(¢}
> 11> > e e s (1> [
»
(¢}
3

we will use this to show the theorem

translate-reverse-eq-id

FpHoL,, $*° =s

Proof. By induction on s.

Case 1:
= refl
- a:o— v defno
T o7 defne
Fa*® =z
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Case \z. s:
e LH.
5 =5 abs
F(A\x. s*°) = (\z. s
defno
F(Ax.s%)° = (Az. s
defne
F(Az. 5)*° = (A\z. s
Case s t:
- IH —— IH
Fs*=s A
'_ [ Je] { Jo) —
& defno
F(s*t*)° =st
—  defne
F(st)*® =st
Case Aa. s:
s LH.
5 =5 tyabs
F(Aa. s*°) = (Aa. s
defno
F (Aa. s*)° = (Aa. s
defne
- (Aa. 5)*° = (Aav s
Case s [a:
LH.
Fs*=s ¢
a
F 5% [l = s [ yapp
— - defno
(s* fad])” = s [ defne
F (s [a)* = s [«
Case [=];:
By cases on 7.
Subcase [=|, ([=],/[=].):
T | refl
- [_]f X defno
_ f o defn=
[ [L] = [:
:i X defne
t [ ]X - [: X
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Subcase [=|; =r,:

assm
/2 4] Veyx=ny—fr=rpgytVoyzr=ry—fux —n9Y
’ Veyrx=ny—fr=ngytae=r2— fr=,gx Fe==x
nya: le—>fx Tngl_fx_gm
fun-ext
Vﬂcy.aﬁ:ﬁy—>fx:mgyl—f:g
gl
—  assm assm ——— refl
f=9FF=g =nyFz=ny F9y=rngy -
rewrite
fzg,xzﬁnyxzmgy
f=9Fao=rny—fa= gyﬁl
(z,y fresh) g o = VI
J=g9tVeyarz=ny—fax=rg9y
§2
i )

Veyl=lnzy —[=ln (f2) () f=9 [f=gtVayl=lnay —[=ln (f2)(9v) deduct antisym
F(Veyl=lnzy — [=ln (f2) (9y) = (f=9)

'3
ﬁI.H. L :
[—]? =[=ln define [= i (=] define i3
e F=l, = =ls F(Veyl[=lnzy—[=ln (f2) (gv) = (f=9) —
F(Vey S ey — 2, (f2) (gy) = (F=9) "
(f.g fresh) F(Vey [E, ey — [F,, (F2) (9y) fa=(F=9) frmextt
FOfg Yoy [ ay — [= ]n (fz) (99) = [Eln=n defio
F(Afg Vo y.x = =ny—fr=09Y)°=[Elnon defn
F [é]ﬂ:}TZ = [:]7'1:>7'2 defne
F [:];f:rg = [:]T|$T2

Subcase [=|1.

For the theorem - £(a)° (L1), the first three conditions follow from trans, refl, and sym. The

final condition is shown as follows

_ H o ——IH refl
- [é}a:m:m = [Sla=a=o [:] = [=la F Ela=azo [Ha [Ha rewrite ™
F [ ]aéaéo [ ] [ Ll defno
[:]a “a=a=o0 [:]a o
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‘1
Vya. E(a)® — [=]- (f [a]) (9 fa]) b f [ =na.r g fo]  F E(@)°
(0 fresh) Vya. E(a)® — [=]r (f o) (g [a]) F f [ =m0 7 g [ tyfun-ext
Vya. E(a)® — [=]; (f [fw]) (g ) F f =ta.7 9

1

—E

) = FEad)
£(a)° F (f fad) = (f Ead)
N o et H (A N A N
f=tar gt f =109 - vya. E@)° — [l (f o) (f fad)
f =tta 7 9+ V. ()" — [ (f Ead) (g )
19

weaken

write

‘1 P
Viya. E(a)° — [=] (f ) (g [d]) =0 f =na.r 9 [ =la.r g Vya. E()° — [=]7 (f []) (g [o])
F (Vya. E(@)° — [=- (f [1(.11]) (9 tad)) =0 ([=]na.+ [ 9)
:3

deduct-antisym

i3
Fl=le == F(Vya E@)° — =] (f o) (9 [o]) =0 (Ela.+ f 9)
(/. g fresh) F (Vya. E(@)° — =] (f [321]) (9 (o)) =o ([Flta. = [ 9) A
(A g Vya. E(a)° — [, (f i) (g Fad)) = [=lna. -

F (A g. Vya. E(a) — f [a] =7 g [a])® = [Sa. +

rewrite

defno

defn[=]

Subcase [=|,:

refl
o = 1=l defno
[Z]Z = = defne
-1l =
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C.2.2 Step 2: Subsystem Theorem

The second step of the non-triviality theorem is to show that, under the reverse translation,

any proof in PHOL is a proof in PHOL,,.

I' Fphor s

Ty E— subsystem
PHOL

This step is obvious for any rule shared between PHOL and PHOL,; for rules VI, VE, VI,
and VyE, which are not primitive in PHOLg,, note that we have proven these as derived

rules in Seciion A4,

C.2.3 Step 3: Removing R and &

In PHOLg,,, we can show that R(Z)° (Ro) and £(@)° (£0) are trivially true.

Proof. For R, this follows immediately from the definition of o and refl.

For &, the first three conjuncts follow immediately from trans, sym, and refl. We have shown
the final conjunct in Subsecfion T, ]

C.2.4 Non-triviality Theorem

Finally, we can show the non-triviality of the translation as follows
Ro+ £o E(T*),E(s%),R(T*),R(s*),I'"* FpuoL s*
F*E(T*)°,E(s%)°, R(I'*)°, R(s*)° E(T*)°,E(s%)°, R(I*)°, R(s®)°,I'*° FpHOL,, s*°

I'*° FproL, s*°

subsystem

ante-subst*

rewrite + translate-reverse-eq-id
I' Fpror,, s
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