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A Verified Cost Model for Call-By-Push-Value

by Zhuo CHEN

The call-by-push-value λ-calculus allows for syntactically specifying the or-
der of evaluation as part of the term language. Hence, it serves as a uni-
fying language for embedding various evaluation strategies including call-
by-value and call-by-name. Given the impact of call-by-push-value, it is re-
markable that its adequacy as a model for computational complexity theory
has not yet been studied. In this thesis, I show that the call-by-push-value
λ-calculus is reasonable for both time and space complexity. A reasonable cost
model can encode other reasonable cost models with polynomial overhead
in time and constant factor overhead in space. I achieve this by encoding
call-by-push-value λ-calculus into Turing machines, following a simulation
strategy by Forster et al.; for the converse direction, I prove that Levy’s en-
coding of the call-by-value λ-calculus has reasonable complexity bounds. I
also extend the formalisation of the call-by-push-value lambda-calculus with
the features necessary to encode a call-by-need evaluation strategy. The main
results have been formalised in the HOL4 theorem prover.
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Chapter 1

Introduction

The λ-calculus (Church, 1932) is a fundamental model of computation that
represents functions as abstractions over variables. It provides a foundation
for computability, mathematical logic, and functional programming. Unlike
programs written in an imperative style, functional programs do not spec-
ify low-level details describing how they should run on a computer. Instead,
functional languages provide a convenient way of describing what functions
should compute to in a concise declarative manner. This abstract representa-
tion is ideal for proving that a program is correct against its specification.

Besides functional correctness, another property that is of high impor-
tance to computer scientists is run-time computational complexity. Compu-
tational complexity addresses the vital questions: How fast does my program
produce an output? How much space will my program use in order to pro-
duce that output?

In complexity analysis, we describe the asymptotic behaviour of cost func-
tions that model the cost of the program mathematically. But this leads to a
question: Where do cost functions come from? Cost functions are usually
constructed in an implicit and ad-hoc manner with no formal connection to
the program semantics. Cost models (Turing, 1936; Hartmanis and Stearns,
1965) bridge that gap.

Creating cost models for functional programming languages is thus an
essential topic. It is also a significant challenge due to the abstract nature of
functional programming. As λ-calculus is the basis of functional program-
ming languages, a crucial question is whether we can create cost models for
λ-calculus. There has been a large body of research (Lawall and Mairson,
1996; Dal Lago and Martini, 2008; Accattoli and Dal Lago, 2016; Accattoli,
2017; Forster, Kunze, and Roth, 2020; Forster et al., 2021; Accattoli, Dal Lago,
and Vanoni, 2022) dedicated to solving this problem.

An important parameter when considering a cost model for λ-calculus is
the evaluation strategy being used. An evaluation strategy determines the
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order in which function calls are evaluated. An example of such a strategy
is call-by-value, where function calls are applied once the arguments are fully
evaluated. This strategy is used, for instance, by the Standard ML program-
ming language (Milner, Tofte, and Harper, 1990). Another example of an
evaluation strategy is call-by-name, where the evaluation of arguments is de-
ferred, and the function is applied before the arguments are evaluated. A
third example is the call-by-need (lazy evaluation) strategy, in which argu-
ments are evaluated only when their values are required by the next imme-
diate computation. The most well-known programming language that uses
call-by-need is Haskell (Hudak et al., 2007), which is famous for its laziness -
this stems from the call-by-need evaluation strategy.

Since different evaluation strategies traverse and reduce different parts
of a λ-term in different orders, the choice of strategy can have a significant
impact on the run-time efficiency of a program. For example, if a computa-
tionally expensive subterm is ultimately discarded by the control flow of the
program, a strategy like call-by-value may still evaluate it eagerly, incurring
unnecessary cost. In contrast, call-by-name or call-by-need may defer or avoid
this evaluation altogether, depending on whether the subterm’s value is ever
required. These differences lead to distinct time and space complexities—
and thus, distinct cost models—across evaluation strategies, even for iden-
tical programs. As such, evaluation order is not merely an implementation
detail, but a fundamental aspect of the operational semantics that can influ-
ence both theoretical cost models and practical performance. The question
next is: Can we have a cost model that is able to capture the complexity of
more than just one evaluation strategy? The call-by-push-value λ-calculus
provides a way.

The call-by-push-value λ-calculus (CBPV) (Levy, 1999) is an expressive
variant of the λ-calculus that enables programmers to specify when a func-
tion call evaluates on a call-by-call basis. In particular, CBPV has syntactic
constructs that enable delaying or forcing the evaluation of specific terms.
Hence, it provides flexibility and fine-grained control in choosing the order
in which to evaluate subterms, without the need for separately considering
multiple evaluation strategies. Various evaluation strategies, including call-
by-value and call-by-name, can be encoded within this subsuming paradigm.

This high expressive power of CBPV has resulted in a long line of work on
the language since its inception. Prior work has studied and extended the cal-
culus (Kesner and Viso, 2021; Torczon et al., 2023; McDermott and Mycroft,
2019), related it to other calculi (Ehrhard and Tasson, 2016; Chouquet and
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Tasson, 2020; Garbuzov et al., 2018), and formalised it (Rizkallah, Garbuzov,
and Zdancewic, 2018; Forster et al., 2019). The fine-grained control CBPV
provides has proved useful to verify compiler optimisations (Rizkallah, Gar-
buzov, and Zdancewic, 2018). There are foundational results that demon-
strate that CBPV aids in recurrence extraction, which can in turn be used for
analysing the complexity of functional programs, with various evaluation
strategies (Kavvos et al., 2020).

This demonstrates that CBPV is crucial as it can serve as a single founda-
tional basis for further research on analysing the computational complexity
of functional languages with various evaluation strategies. As such, it is vital
to establish time and space cost models for CBPV.

Naturally, such cost models must maintain some property that demon-
strates that they are useful models for analysing computational complexity.

Reasonable is a standard notion in complexity theory for reasoning about
complexity of different computational models. This notion is defined as fol-
lows in the invariance thesis (van Emde Boas, 1990, page 5),

“Invariance Thesis: Reasonable machines simulate each other with poly-
nomially bounded overhead in time and constant factor overhead in space”.

What is implicit here is that these reasonable machines must choose some
cost models for the simulations between them. Those chosen cost models that
allow reasonable simulation between the machines, are called reasonable cost
models.

In this thesis, I provide a reasonable cost model for CBPV, which includes
a time cost model and space cost model. Using this cost model, I demonstrate
that CBPV is a reasonable model of computation, in terms of both time and
space. More specifically, I prove that CBPV and Turing machines can reason-
ably simulate each other by going through one layer of intermediate repre-
sentation. This intermediate layer consists of two abstract machines, the sub-
stitution machine and the heap machine. The simulation between CBPV and
the abstract machines is the most theoretically interesting and error-prone
part of the whole proof. For this reason, I formally verify the related parts
in the HOL4 prover (Slind and Norrish, 2008). This includes formalising
(mechanising) CBPV and the abstract machines, and machine-checking the
simulation between them.
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1.1 Contribution

The specific contributions of this thesis are as follows:

1. To the best of my knowledge, I develop the first reasonable time and
space cost models for CBPV.

2. I formalise CBPV and provide a machine-checked proof in HOL4 for
the core parts of both the time and space cost models for CBPV.

3. I cross-validate the existing reasonable cost models for weak call-by-
value λ-calculus (WCBV) (Forster, Kunze, and Roth, 2020) by formalis-
ing them in HOL4 and verifying that their results are consistent across
different provers under different foundational systems.

4. I extend my CBPV cost model to obtain verified cost models for WCBV.
This is also formally verified in HOL4.

5. I extend my formalisation of CBPV to have call-by-need functionality,
called ECBPV (McDermott and Mycroft, 2019), enabling further explo-
ration of the cost models in the context of shared resources.

In future work, my cost models for CBPV can be extended into cost mod-
els for λ-calculus variants with different evaluation strategies, thus laying the
foundation for a unifying approach of complexity analysis for the λ-calculus.
My thesis can also facilitate further research into cost analysis for CBPV with
different extensions. While my work presents reasonable time and space cost
models, it does not consider sublinear time or space classes. This will be an-
other interesting direction to look into. My formalisation of ECBPV can also
be further used for cost model development of ECBPV.

1.2 Formalisation

All the formalisations (formal verifications) in this thesis are done in HOL4.
They split into three projects: WCBV, CBPV, ECBPV, with the CBPV project
being the main contribution of this thesis.

The machine-checked proof for reasonable time and space cost models for
WCBV in HOL4 follows the mechanised proof for WCBV by Forster, Kunze,
and Roth (2020) in the Rocq Proof Assistant (2025).

Building on foundational work on formally verified time and space cost
models for WCBV (Kunze, Smolka, and Forster, 2018; Forster, Kunze, and
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Roth, 2020), I demonstrate that CBPV, a more general λ-calculus, is reason-
able. I further show that the embedding of WCBV using CBPV maintains
reasonability. The machine-checked proof for CBPV is split into HOL4 theo-
ries covering the following aspects:

1. The syntax and semantics of CBPV, including extra big-step semantics
that keeps track of the time and space cost during the evaluation. (Sec-
tion 4.2)

2. The definition of machine-readable programs and compilation func-
tions from CBPV terms to machine-readable programs for substitution
machine and heap machine respectively. (Section 4.3)

3. The semantics of substitution machines and proofs for its simulation of
CBPV terms with respect to time and space. (Section 4.4.1)

4. The semantics of heap machine and proofs for its simulation of CBPV
with respect to time and space. Related helper definitions and func-
tions, such as the heap structure and the unfolding function. (Sec-
tion 4.4.2)

5. The proofs of Turing machine simulating CBPV through abstract ma-
chines. (Section 4.5.1)

6. The proofs of CBPV simulating WCBV, and how this can be extended
using existing work to simulate Turing machines. (Section 4.5.2)

The formalisation for ECBPV is built on top of the CBPV formalisation,
extending it with the necessary constructs to capture the laziness semantics.
This includes the introduction of extra operators for memoisation and the
corresponding big-step semantics that accounts for the evaluation of lazily
evaluated expressions.

1.3 Thesis Structure

In this thesis, I present a verified reasonable cost model for the call-by-push-
value λ-calculus and work I have done surrounding this topic. The assumed
audience for this thesis is anyone with undergraduate computer science knowl-
edge. This thesis aims to give a thorough tour of cost analysis for CBPV, start-
ing from the fundamental knowledge. For this purpose, I provide a compre-
hensive background chapter, which introduces the technical parts that are
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omitted in this introduction chapter. Building on these understandings, I
then talk about what I did for my research project and in the end, what more
could be done in the future.

In this chapter (Chapter 1), I provided the context for my thesis, includ-
ing motivation and importance of research on cost models for CBPV. I also
outlined the main contributions (Section 1.1) of this thesis and the related for-
malisation projects (Section 1.2). Finally, I presented a roadmap of the thesis
in the current section (Section 1.3).

In Chapter 2, I cover the essential background knowledge for this work.
That chapter introduces computational models (Section 2.1), complexity (Sec-
tion 2.2), and formal verification (Section 2.3). For computational models, I
give a thorough introduction to λ-calculus (Section 2.1.1), CBPV (Section 2.1.2),
and Turing machines (Section 2.1.3). The section on complexity briefly re-
views big O notation (Section 2.2.1), then introduces cost models for compu-
tational models and explains what qualifies as a reasonable cost model (Sec-
tion 2.2.2). For formal verification, I discuss the methodology and impor-
tance of verifying systems and models. I then introduce one tool used in
formal verification - interactive theorem provers (Section 2.3.1). In particular,
I describe the HOL4 prover (Section 2.3.2), which I use for all my formalisa-
tion.

In Chapter 3, I present the verified time and space cost models for WCBV,
originally developed and verified in the Rocq prover by Forster, Kunze, and
Roth (2020). I also describe the formalisation I developed in HOL4 for these
cost models, further confirming that their results are consistent across differ-
ent provers and foundational systems.

In Chapter 4, I present the main contribution of this thesis: verified time
and space cost models for CBPV in HOL4. I first formalise the CBPV lan-
guage model. I then develop and formalise reasonable time and space cost
models for the CBPV. I describe in detail and provide further pen-and-paper
proofs of how the reasonable simulation between CBPV and Turing machines
is achieved using abstract machines and the existing cost models for WCBV.

In Chapter 5, I extend the formalised CBPV model to support laziness.
By adding the extra operators for memoisation to the syntax, we can express
call-by-need λ-calculus using the extended CBPV, following the theory de-
veloped by McDermott and Mycroft (2019).

In Chapter 6, I summarise the thesis and its contributions. I also identify
the limitations of my work and outline directions for future research.
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Chapter 2

Background

In this chapter, I introduce the essential background material needed for the
remainder of the thesis. In Section 2.1, I present the computational mod-
els that serve as the foundation for my work: the λ-calculus (Section 2.1.1),
CBPV (Section 2.1.2), and Turing machines (Section 2.1.3). Following this, I
review concepts from computational complexity in Section 2.2. I begin with
a brief overview of asymptotic analysis and big O notation in Section 2.2.1.
Next, in Section 2.2.2, I introduce the notion of reasonable cost models, which
is the standard cost framework used in the thesis for verifying the relevant
cost models. Finally, in Section 2.3, I introduce the methodology of formal
verification and the main formal verification method I use for constructing
and machine checking my formal proofs in this thesis: interactive theorem
proving, in particular using the HOL4 prover.

2.1 Computational Models

In this section, I outline the core models of computation used in this thesis. I
begin with an in-depth introduction to the λ-calculus in Section 2.1.1, includ-
ing illustrative examples that highlight its role as a minimal yet expressive
model of computation. After establishing the basic ideas of λ-calculus, I turn
to CBPV, the main focus of this thesis. CBPV extends the λ-calculus with ex-
tra expressive power and capability - turning the choice of evaluation order
from the meta (language) level to the program level. Subsequently, I briefly
introduce Turing machines, the canonical model of computation widely used
in computer science. While Turing machines are not the direct focus of this
thesis, they serve as the standard baseline for comparison when we analyze
the cost semantics of CBPV.
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2.1.1 The λ-Calculus

In this section, I go through the fundamentals of the λ-calculus, including
what they are, how to write λ-terms, and how to evaluate λ-terms.

The λ-calculus (Church, 1932), introduced by Alonzo Church in the 1930s,
is a standard model of computation that is based on abstractions and appli-
cations. The λ-calculus has significant research importance to many fields
of study in computer science. It is an elegant language for describing and
reasoning about computations and properties of programs on a high level.
It is the foundational model for functional programming languages, such as
Haskell (Hudak et al., 2007) and Standard ML (Milner, Tofte, and Harper,
1990). It is also a basis for type systems.

Now let’s look into λ-calculus in more detail. I will start from its syntax.

Syntax

A λ-term can be a variable, a λ-abstraction (abstraction), or an application,
as shown below:

Definition 1 (Syntax for λ-Calculus).

λ-term s, t := x| λx. s| s t

Let’s have a look at these three constructs in more detail:

1. x: a variable. Variables are typically represented by a character or a
string. Examples: x, y, z, f .

2. (λx. s): an abstraction, where x indicates the variable that is bound
by this abstraction and s is a λ-term representing the body of the ab-
straction. A λ-abstraction represents a function definition, where the
binding parameter x is the placeholder for the function input, and the
nested λ-term s is the function body. Examples: (λx. x), (λy. (λx. x y)).
Notation for abstractions can be abbreviated by merging the binding
parameters together. For instance, the last example can be written as:
(λy x. x y).

3. (s t): an application, where s represents a function and t represents an
argument. Both s and t are λ-terms. An application corresponds to a
function call where s takes in t as the input. Examples: ( f x), ((λx. x) f ),
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( f (λx. x x)). Applications are left-associative. In the case of nested ap-
plications, the parentheses can be dropped. For example, ( f x y) is im-
plicitly referring to (( f x) y).

In this thesis, I typically use characters such as x, y, z to refer to λ-variables,
use characters like k to refer to integer variables, and use characters like s, t,
f to refer to λ-terms.

The λ-abstractions can bind the corresponding variables underneath them,
the ones that share the same variable name as the binding parameter of the
abstraction. Accordingly, one can define variables to be bound or free.

Definition 2 (Bound and Free Variables). A variable x is said to be bound if
it occurs within the scope of a λ-abstraction whose binding parameter is also x.
When there are multiple binders with the same variable name, each occurrence of the
variable is bound by the closest matching λ to its left. Otherwise, that occurrence of
x is called free.

A variable x occurs free in an λ-term s if and only if one of the followings hold
recursively:

• s is a variable and s = x;

• s is an abstraction of the form (λy. s′) where y ̸= x and x occurs free in s′;

• s is an application of the form (s t) and x occurs free in either s or t.

Note that it is possible for x to be both bound and free at the same time.
For example, x can be bound in s and free in t.

Here are some examples to help with understanding bound and free vari-
ables:

• In (λx. x), the variable x is bound by (λx.).

• In (λx. x y), the variable x is bound by the (λx.) at the start, whilst y is
free.

• In (λz. x y), neither x nor y is equal to z, so both are free.

• In (λx. (λx. x)), the variable x is bound by the inner most (right most)
binding parameter (λx. ).

• In (λy. (λx. y)), the variable y is bound by the outer most (left most)
binding parameter (λy. ).
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• In (λx. x) (λy. x), the variable x is both bound and free in this applica-
tion. x is bound in the application body (λx. x). x is free in the applica-
tion argument (λy. x).

These examples show that binding is determined entirely by the syntactic
structure of the λ-terms.

There is another common terminology in formal reasoning for variables -
fresh variables.

Definition 3 (Fresh Variable). A variable name that does not occur in any other
term under consideration is considered as being fresh.

Fresh variables are often used to replace existing variables in expressions
to avoid variable capturing or shadowing.

Definition 4 (Closed λ-Terms). For any λ-term, if it does not contain any free
variables, it is called closed.

For example, (λx. x) is a closed λ-term, whilst (λx. y) is not.
In λ-calculus, the binding parameters are just placeholders, thus replacing

the parameters with other fresh variables will not change the meaning of
the expression. This replacing process is called α-renaming. For example,
(λx. x) can be α-renamed to be (λy. y) and it still means the same function
semantically. This is written as:

(λx. x) =α (λy. y),

where =α represents α-equivalence.
Note that when replacing the binding parameters, only replace the vari-

ables that are bound by that parameter. For example, in the expression
(λx. (λx. x) x), by α-renaming the outer (leftmost) (λx. ) to (λz. ), we should
obtain (λz. (λx. x) z). The innermost variable x is untouched since it is bound
by the innermost (λx. ) instead. α-renaming is often used during reductions
in order to avoid capture of free variables.

One thing to note is that in the syntax definition introduced at the begin-
ning of this section, I used variable names such as x and y to notate vari-
ables. This notation is concise and simple, and thus widely used. However,
it also has its shortcomings. It requires α-renaming to avoid variable capture,
and allows many syntactically different but semantically equivalent λ-terms.
This makes the manipulation of the λ-terms complicated and makes formal-
isation more difficult. In this section, I will keep using this notation for ease
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of understanding. However, in the section about CBPV (Section 2.1.2) and in
the formalisation work presented in later chapters, I will use a different vari-
able representation that avoids these issues: the de Bruijn syntax (de Bruijn,
1972). The de Bruijn syntax eliminates the need for names by representing
variables as natural numbers (de Bruijn indices) that indicate the number of
binders between a variable occurrence and its corresponding λ-abstraction.
For instance, the term (λx.(λy. y x)) can be expressed as (λ.(λ.0 1)), where 0
represents the variable that is bound to the innermost λ, and 1 refers to the
variable bound by the outer λ. Below are some more examples of explicit
variable name notation converted into de Bruijn index notation:

• (λx. x) becomes (λ. 0), since the variable refers to the immediately en-
closing binder.

• (λx y. x) becomes (λ λ. 1), since x is bound by the first (outer) abstrac-
tion.

• (λx y. y x) becomes (λ λ. 0 1), where 0 refers to y and 1 refers to x.

• (λx.x)(λy.y) becomes (λ.0)(λ.0), where the first 0 refers to the x in the
first abstraction, and the second 0 refers to the y in the second abstrac-
tion.

• (λx.x (λy.x)) becomes (λ.0(λ.1)), where both 0 and 1 refer to the same
variable x.

This system avoids issues of α-equivalence and renaming, because all α-
equivalent λ-terms have identical de Bruijn representation. This makes for-
malisation simpler and more uniform. However, indices must be carefully
updated whenever a term crosses an abstraction boundary. This operation is
called lifting (also known as shifting). For example, placing (λ. 0 1) under an
additional abstraction yields (λ λ. 0 2). In this case the free variable 1 is lifted
to 2 so that it continues to refer to the same variable, which now lies two steps
out from the current abstraction layer instead of one. Similarly, lifting in the
other direction is required when leaving an abstraction. For instance, after
one-step β-reduction, the term (λ. 0 1)(λ. 0) reduces to (λ. 0) 0. The result is
not (λ. 0) 1 because the free variable now lies 0 step outside the abstraction,
whilst it previously was 1 step outside.

Now that we know what λ-terms are, we want to know what we can do
with those terms. In other words, how to evaluate (reduce) λ-terms to obtain
results. Note that the terms evaluate (evaluation) and reduce (reduction) are
often used interchangeably in λ-calculus.
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Prerequisites

Before looking into the reduction rules, we need to first learn some prerequi-
sites: substitution, and rules of inference.

Definition 5 (Substitution). s[x := t] denotes the substitution of all the free occur-
rences of variable x in the λ-term s using a λ-term t. Substitution can be recursively
defined over the structure of λ-terms:

• x[x := s] = s

• x[z := s] = x if x ̸= z

• (s t)[x := y] = (s[x := y]) (t[x := y])

• (λx. t)[x := s] = (λx. t) (the bound variable shadows the substitution vari-
able)

• (λy. t)[x := s] = (λz. t[y := z][x := s]) if x ̸= y and y is free in s, where z
is a fresh variable.

• (λy. t)[x := s] = (λy. t[x := s]) if x ̸= y and y is not free in s.

Below is a more detailed explanation of the substitution process:

1. For variables, substitute it if it is the corresponding variable for the sub-
sitution, otherwise the substitution is terminated with no change made:

• x[x := s] = s, in which x is substituted by s.

• x[z := s] = x, in which no substitution happens since x ̸= z.

2. For applications, it is rather straightforward, just recursively pass the
substitution down:

(s t)[x := y] = (s[x := y]) (t[x := y])

A more detailed example will be:

((λx. f x) x)[x := y]

= ((λx. f x)[x := y] x[x := y])

= ((λx. f x) y)

3. For abstractions, it is more complicated. There are a few different sce-
narios:
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(a) The variable to be substituted away is the same as the binding pa-
rameter of the abstraction. In this case, the substitution is termi-
nated with no change. For example:

(λx. t)[x := s] = (λx. t)

(b) The new expression that is replacing the variable contains free vari-
ables that are the same as the binding parameter. In this case, do
an α-renaming for abstraction first using a fresh variable. Then,
recursively substitute down in the abstraction body. For example:

(λx. f z x)[z := x]

=α (λy. ( f z x)[x := y])[z := x] (y is a fresh variable)

= (λy. ( f z y))[z := x]

= (λy. ( f z y)[z := x])

= (λy. ( f [z := x] z[z := x] y[z := x]))

= (λy. ( f x y))

The α-renaming here avoids the new variable x being captured by
the original binding parameter (λx.).

Another, more complicated example with the same logic:

(λx. f z x)[z := (λw. w x)]

=α (λy. ( f z x)[x := y])[z := (λw. w x)] (y is a fresh variable)

= (λy. ( f z y))[z := (λw. w x)]

= (λy. ( f z y)[z := (λw. w x)])

= (λy. ( f (λw. w x) y))

(c) No overlap in variable names - recursively substitute down the
abstraction body directly. For example:

(λx. f z)[z := y]

= (λx. ( f z)[z := y])

= (λx. ( f [z := y] z[z := y]))

= (λx. ( f y))
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Definition 6 (Rules of Inference). Rules of inference are a standard way of deriv-
ing conclusions from premises in formal logic. There are different formats to repre-
sent rules of inference, with a commonly used one as:

P
Q

P1 P2 . . . Pn

Q

where P, P1, P2, Pn represent the premises and Q represents the conclusion.

The left rule concludes Q from a single premise P. the right rule concludes
Q from (the conjunction of) a set of n premises P1, P2, . . . , Pn.

Reduction Rules

Now that we know all the fundamentals, let’s have a look at reduction rules.
The primary form of reduction is β-reduction, denoted by s →β t, mean-

ing that s can be β-reduced to t. It is defined in terms of substitution, cap-
turing the idea of function application. The base case of β-reduction is the
application of a λ-abstraction to an argument, which results in the substitu-
tion of the argument for the bound variable in the body of the abstraction.
β-reduction is formally defined as follows:

Definition 7 (One-Step β-reduction).

(λx.s) t →β s[x := t]

s →β s′

s t →β s′ t

t →β t′

s t →β s t′
s →β s′

λx.s →β λx.s′
(ξ-rule)

One-step β-reduction only allows a single reduction step at a time. To
allow multiple reduction steps, we have multi-step β-reduction, defined as
follows:

Definition 8 (Multi-Step β-reduction).

s →∗
β s

s →β s′

s →∗
β s′

s →∗
β s′ s′ →∗

β t

s →∗
β t

Note that in the rest of this thesis, →β implicitly refers to →∗
β.

Other than β-reduction, there is also η-conversion. Although this thesis
does not make direct use of η-conversion, it is included here because it is
an essential rule of the λ-calculus. η-conversion is a direct expression of ex-
tensionality for functions. Extensionality is the idea that two functions are
considered equal if and only if they produce the same result for all possible
inputs. Formally defined as follows:
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Definition 9 (η-conversion).

x is not free in f
(λx. f x) ↔η f

After applying the reduction rules, we will eventually reach a point where
no more reduction can be applied:

Definition 10 (Normal Form). When a λ-term can no longer be reduced by any
applicable reduction rules, it is said to be in normal form.

With all the above rules except the ξ-rule in β-reduction, we obtain the
weak λ-calculus (Plotkin, 1975), which is a widely studied and applied vari-
ant of the λ-calculus. All the variants of λ-calculus that I work with in this
thesis are weak. This λ-calculus is called weak because it does not include a
rule that allows reductions under abstractions. In the weak λ-calculus, nor-
mal forms are precisely variables and abstractions, since both are irreducible
in this setting. By adding the ξ-rule to the weak λ-calculus, one can obtain
the strong λ-calculus (also called the full λ-calculus). For the rest of the thesis,
I will leave out the ξ-rule, since we are working with the weak λ-calculus.

One might naturally ask: why choose the weak λ-calculus when the strong
λ-calculus appears to be more general? It is important to emphasise that
the terms weak and strong do not imply that one system is inherently bet-
ter or worse. Rather, they reflect different choices of expressivity, each with
its own advantages and limitations depending on the intended application.
The weak λ-calculus is particularly popular because it provides a simpler
and more operationally convenient model of computation. By disallowing
reductions under abstractions, it more closely reflects the behaviour of real-
world functional programming languages, where evaluation typically occurs
at the outermost level and under controlled strategies, rather than arbitrarily
deep within function bodies. This makes weak reduction a natural founda-
tion for studying program execution.

Evaluation Strategy

As you might have noticed, for the same λ-term, there are many potential
ways we can apply the β-reduction rules. For example, for a λ-term

((λx y. x y y) f )((λx.x)(λy.y)),
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we can reduce the left subterm ((λx y. x y y) f ) first, or we can reduce the
right subterm ((λx.x)(λy.y)) first. If we perform one step β-reduction on the
left subterm first and obtain

(λy. f y y)((λx.x)(λy.y)),

we now have another two choices: to reduce the right subterm ((λx.x)(λy.y))
first, or to reduce the whole term first by directly substituting the right sub-
term into the left subterm.

In the above example, regardless of the evaluation order, we still obtain
the same results. However, there are also cases where different evaluation
order actually result in diverging results. Let’s take a look at the following
example:

(λx. f )((λx. x x)(λx. x x))

If we evaluate the right-hand side first, we will realise that it is an infinite
loop. On the other hand, if we evaluate the top level application first, we will
obtain f straight away. The infinite loop in fact has a name, the ω combinator.

Having all these possible choices makes β-reduction non-deterministic.
At the same time, when we implement a programming language based on
λ-calculus, we want the evaluation to be deterministic. Thus, we need to fix
the evaluation choices when evaluating in λ-calculus. The different sets of
β-reduction rules are called evaluation strategies.

Commonly used evaluation strategies are call-by-value, call-by-name, and
call-by-need.

Call by Value The call-by-value evaluation strategy requires the function
argument to be fully evaluated before substituting it into the abstraction body.
It is used by, for example, the Standard ML programming language (Milner,
Tofte, and Harper, 1990). The inference rules for the call-by-value evaluation
strategy are formally defined as:

Definition 11 (Small-Step Semantics for Call-By-Value).

s →β s′

s t →β s′ t
(1)

t →β t′

(λx.s) t →β (λx.s) t′
(2)
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(λx.s)(λx.t) →β s[x := (λx.t)]
(3)

To be more specific, whenever we have an application (s t), we first follow
rule (1) and reduce its function body s. If s is already in normal form, we then
follow rule (2) and reduce its argument t. If both function body and function
argument are in normal forms, we then follow rule (3) and evaluate the whole
application by applying substitution.

Call by Name In the call-by-name strategy, the substitution happens first
and the evaluation of the function argument is deferred. It exists more in the
theoretical side and has motivated other evaluation strategies, but itself is not
commonly adopted for developing programming languages. The inference
rules are formally defined as:

Definition 12 (Small-Step Semantics for Call-By-Name).

s →β s′

s t →β s′ t
(1)

(λx.s) t →β s[x := t]
(2)

For a given application (s t), the first step is to reduce the function body
s to normal form following rule (1). The second step is where it diverges
for the call-by-name strategy compared with the call-by-value strategy. The
application can be evaluated straight away as long as the function body s is
in normal form. It does not require the function argument t to be in normal
form already. In this case, rule (2) allows the unreduced t to be substituted
into the function body right away.

Call by Need The call-by-need strategy is the canonical evaluation strategy
for lazy functional programming languages, most notably Haskell (Hudak et
al., 2007), which has been highly influential in both research and practical de-
velopment of functional programming. The formal definition of call-by-need
is complicated and not directly related to this thesis, and thus not presented
here. Instead, I will provide an intuitive explanation of how call-by-need
works.

Call-by-need is closely related to call-by-name, but with two key refine-
ments: expressions are only evaluated when needed, and evaluation results
are shared. In the call-by-need strategy, function calls are evaluated only
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when their results are actually needed, and these results are stored for future
use. Specifically, if a term s is substituted into multiple positions, its eval-
uation at the first position is stored and reused at the subsequent positions.
This sharing avoids repeated evaluations of the same expression, thereby im-
proving efficiency compared with the call-by-name strategy.

Call by Push Value As you might guess, choosing a different evaluation
strategy will result in different run-time efficiency of functional programs.
Each strategy has its own advantages and shortcomings, and thus is suitable
for different scenarios. Is it possible to have a λ-calculus that allows us to
choose when to use which strategy for the appropriate scenarios?

The call-by-push-value λ-calculus (CBPV) by Levy (1999) is a variant of λ-
calculus. It gives the programmers the ability to specify when function calls
evaluate on a function-per-function basis. As such, various strategies can
be encoded within the same calculus without sacrificing determinism. More
specifically, CBPV provides flexibility in choosing when to use which strat-
egy without having to write multiple variants for each strategy. This enables
programmers to specify how they want their program to be evaluated within
the calculus. We dive deeper into CBPV in the following section.

2.1.2 The Call-By-Push-Value λ-Calculus

The call-by-push-value (CBPV) λ-calculus was first introduced by Levy (1999)
in a paper and was subsequently refined in his PhD thesis (Levy, 2001). It is a
variant of λ-calculus that is designed to allow evaluation strategies to be en-
coded as part of the program instead of the default setting in the language. In
other words, it is able to alternate evaluation strategies depending on what
instructions are encoded in the program. Hence, it serves as a subsuming
paradigm that enables studying various common evaluation strategies, and
combinations thereof, using a single set of reduction rules. For instance, one
can represent CBPV terms that can interleave the call-by-name and the call-
by-value reduction strategies. Levy provides semantic-preserving transla-
tions from call-by-name and call-by-value into CBPV (Levy, 2001).

Note that I work with an untyped subset of CBPV in this thesis. I take
the core part of CBPV while preserving its most essential functionalities. In
the rest of the thesis, whenever I mention CBPV, it is referring to the untyped
subset of CBPV that I work with, unless otherwise specified.
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Syntax In CBPV, terms are divided into two syntactic classes: values and
computations, as shown in Definition 13:

Definition 13 (Syntax for CBPV).

Values V := var x | thunk M

Computations M, N := λ. M | app M V | ret V | force V |
seq M N | let V. in M

As Levy emphasises: “A value is, a computation does.“ (Levy, 2001, p. 20),
let’s look into more detail of CBPV constructors with this in mind:

1. Variable (var x): This constructor represents a variable value. Here, x
is a natural number representing the de Bruijn index of the variable.
Example: (var 0) refers to the innermost variable.

2. Return (ret V): This constructor is used to create a new computation from
a value V. It lifts the value into the computation context, allowing it to
be used in further computations. Example:

(ret (var 0))

creates a computation that returns the innermost variable.

3. Thunk (thunk M): This constructor is used to delay the evaluation of a
computation M by wrapping it up as a thunk value. It allows for the
suspension of computation until it is explicitly forced. It behaves the
same as abstraction in λ-calculus. Example:

(thunk (ret (var 0)))

represents a suspended computation that, when forced, will return the
innermost variable.

4. λ-Abstraction (λ. M): This constructor represents a function definition.
It takes a computation M as its body and creates a function that can be
applied to arguments. Example:

(λ. (ret (var 0)))

defines a function that, when applied, will return its argument.
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5. Application (app M V): This operator is used to apply a computation M

(which should evaluate to a function) to a value V. It represents the
function call operation. While it mostly works the same as application
in λ-calculus, it has the distinction that the function argument in this
case is of a value type that can not be "reduced". Example:

(app (λ. (var 0)) (var 0))

applies the identity function to the innermost variable.

6. Force (force V): This constructor is used to evaluate a thunked value V.
It unwraps the thunk and computes the underlying value, effectively
resuming the suspended computation. Example:

(force (thunk (ret (var 0))))

will evaluate to (ret (var 0)).

7. Sequencing (seq M N): This operator is used to sequence two computa-
tions M and N. The result of the first computation is passed as input to
the second computation. Example:

(seq (force (thunk (ret (var 0)))) (app (λ. (var 0)) (var 0)))

first evaluates the force operation and then substitutes the result to the
inner most free variable of the second computation - which is the appli-
cation in this case.

8. Let Binding (let V. in M): This operator is used to bind a value V into a com-
putation M. It allows for the introduction of new variables and the ma-
nipulation of values within the computation. Let binding works very
similar to the sequencing binding, except that it binds a value to a com-
putation instead of the result of one computation into another. Exam-
ple:

(let (var 0). in (app (λ. (var 0)) (var 0)))

binds the innermost variable to the application computation.

The notations that I use in this thesis differ slightly from Levy’s original
notations in his thesis (Levy, 2001). The differences are summarised in Ta-
ble 2.1. The main differences are in variable notation, application notation,
and the naming of the return constructor.
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Levy’s Notation My Notation
x (explicit name) var x (de Bruijn index)

thunk M thunk M
λx.M λ. M
V‘M app M V

produce V ret V
force V force V
M to x.N seq M N

let x be V . M let V. in M

TABLE 2.1: Comparison of CBPV Notations

Now that we know what CBPV terms are, let’s look into how to reduce
them. Substitution in CBPV works the same way as in λ-calculus. In this
thesis, since we use de Bruijn indices for variable notation, the detailed sub-
stitution process is slightly different from the one described in Definition 5
for explicit variable names. The main difference is that we no longer need
to do α-renaming to avoid variable capture. Instead, we need to take care of
the shifting of de Bruijn indices when going under an abstraction. I use the
notation mn

v to denote the substitution of the variable with de Bruijn index n
in computation m by value v. The detailed definition of substitution with de
Bruijn indices will be introduced in the later chapters when it is needed.

In the previous sections, we presented the small-step semantics for call-
by-value and call-by-name λ-calculi. Similarly, we can also define the small-
step semantics for CBPV. We first define the primitive step relation m → m′

in Figure 2.1, which captures the fundamental reduction steps that can be
performed on CBPV terms.

force (thunk m) → m
m0

v = m′

app (λ. m) v → m′
m0

v = m′

let v. inm → m′

n0
v = n′

seq (ret v) n → n′

FIGURE 2.1: Primitive Step for CBPV

What makes CBPV special is the force and thunk pair. With this pair of
operators, CBPV is able to postpone computations by converting them into
values (thunk) and then later unpack and evaluate these thunked values us-
ing the computation constructor force.
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Using the primitive step relation, we can now define the small-step se-
mantics for CBPV in Figure 2.2. The judgement m ⇝ m′ means that the
computation m reduces to the computation m′ in one small step. Note that
only computations can be reduced, values are irreducible.

m → m′

m ⇝ m′
m ⇝ m′

appm v ⇝ appm′ v
m ⇝ m′

seqm n ⇝ seqm′ n

FIGURE 2.2: Small-Step Semantics for CBPV

I introduced the small-step semantics so far for all the λ-calculi. This
choice was made for the ease of understanding, since small-step semantics
provides a more fine-grained view of the reduction process. In the rest of the
thesis, however, I will use big-step semantics for all the λ-calculi that I work
with, including CBPV. Big-step semantics focuses more on the overall struc-
ture of the computation and initial and final states, rather than the individual
steps. It provides a more abstract view of the computation process, which is
often more convenient for reasoning about program behavior. This makes
big-step semantics easier to work with when defining cost models, which is
the main focus of this thesis. I will introduce the relevant big-step semantics
for each λ-calculus in the respective chapters when it is needed.

2.1.3 Turing Machines

The Turing machine, introduced by Alan Turing in 1936 (Turing, 1936), is the
canonical model of computation in a lot areas in computer science, includ-
ing the theory of computation, complexity theory, and the foundations of
mathematics. Turing machines capture the intuitive notion of step-by-step
symbolic manipulation on an infinite tape. Importantly, the λ-calculus and
Turing machines are equivalent in expressive power, meaning that any com-
putable function defined in one model can also be defined in the other. The
implementation details of the Turing machine model is not as relevant in
this thesis, but I will do a quick introduction here just to establish a com-
mon understanding. A Turing machine can be formally defined as follows
from Sipser (2013):

Definition 14 (Turing Machine). A (deterministic) Turing machine is a tuple

M = (Q, Σ, Γ, δ, q0, qaccept, qreject)
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where Q, Σ and Γ are finite sets, and

• Q is the set of states,

• Σ is the input alphabet not containing the blank symbol ⊔,

• Γ is the tape alphabet, where Σ ⊆ Γ and ⊔ ∈ Γ,

• δ : Q × Γ → Q × Γ × {L, R} is the transition function,

• q0 ∈ Q is the start state,

• qaccept ∈ Q is the accepting state,

• qreject ∈ Q is the rejecting state, where qreject ̸= qaccept.

Intuitively, a Turing machine consists of a finite set of states, an infinite
tape made of cells where each of them contain a symbol from the tape al-
phabet Γ, and a head that can read and write symbols and move left or right
according to the transition function δ. Computation proceeds step by step
until the machine halts in either the accepting or rejecting state.

Turing machines thus provide a rigorous, low-level operational view of
computation. For this reason, it is used as a standard model of computation
in complexity studies, which we will go into more detail in Section 2.2.2.

2.2 Computational Complexity

In this section, I introduce computational complexity and the related con-
cepts in complexity theory that are used in this thesis, namely the big O no-
tation and reasonable cost models.

Computational complexity is concerned with classifying computational
problems according to the quantifiable resources needed to solve them. The
primary resources of interest are time (how long a computation takes) and
space (how much memory it uses). These problems are categorised into dif-
ferent complexity classes according to the resources they require, such as P

(polynomial time), NP (nondeterministic polynomial time), PSPACE (poly-
nomial space), and EXP (exponential time).

To reason about such classes formally, it is essential to express how re-
source usage grows with input size, which is captured using the big O nota-
tion.
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2.2.1 Big O Notation

I believe that most readers are already familiar with Big O notation, but for
the sake of completeness, I provide a brief recapitulation here.

Big O notation is a mathematical formalism used to describe the asymp-
totic behavior of functions, particularly in the context of algorithm analysis.
It provides an upper bound on the growth rate of a function, allowing one
to reason about the efficiency of algorithms as the size of the input becomes
large.

Formally, let f (n) and g(n) be functions mapping natural numbers to
non-negative real numbers. We write

f (n) ∈ O(g(n))

if there exist constants C > 0 and n0 ∈ N such that for all n ≥ n0,

f (n) ≤ C · g(n).

In algorithm analysis, f (n) often represents the running time or space us-
age of an algorithm as a function of input size n, while g(n) is a simpler, com-
monly understood function that captures the dominant growth trend (e.g., n,
n log n, n2, 2n).

Big O notation abstracts away constant factors and lower-order terms,
providing a high-level measure of performance that is independent of spe-
cific hardware or implementation details. This makes it a fundamental tool
for comparing algorithms and understanding their scalability.

Big O notation is often used in conjunction with other asymptotic no-
tations, such as big Ω (which provides a lower bound) and big Θ (which
provides a tight bound). Together, these notations form a comprehensive
framework for analyzing and classifying algorithms based on their resource
requirements. In this thesis, only Big O notation will be used.

Big O notation describes the asymptotic growth of functions, but it re-
quires a cost model. That is, a definition of what counts as "one" computa-
tional step.

2.2.2 Reasonable Cost Models

In order to carry out cost analysis on computational models, we first need ap-
propriate cost models. For instance, in the case of the λ-calculus, how should
we define a unit of time? What constitutes a unit of space? Once such a cost
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model is in place, another important question arises: how do we know that
the chosen cost model is in fact useful? This is where the notion of reasonable
cost models becomes central.

Turing machines are the standard computational model in complexity
theory. They operate at a very low level, which makes them particularly suit-
able for reasoning about time and space costs. Specifically, they provide an
obvious cost model: time is measured by the number of machine transitions,
and space is measured by the number of cells used on the tape.

In contrast, the λ-calculus is more abstract, which makes it harder to as-
sign concrete costs to computations. At the same time, this very abstraction
makes λ-terms far more readable and convenient to use than Turing ma-
chines. This naturally raises the question: can cost analysis carried out in
one model be meaningfully transferred to the other? Put differently, is there
a way to program in λ-calculus but perform cost analysis using equivalent
Turing machines?

This question leads to the notion of a reasonable model of computation
with respect to Turing machines (Slot and van Emde Boas, 1984; van Emde
Boas, 1990). The concept of reasonableness serves as a standard criterion in
complexity theory for determining whether a computational model is suit-
able for reasoning about complexity by comparison with Turing machines,
which are considered reasonable by definition. Formally, this is captured by
the invariance thesis (van Emde Boas, 1990, page 5):

“Invariance Thesis: Reasonable machines simulate each other with poly-
nomially bounded overhead in time and constant factor overhead in space.“

Note that some literature uses invariance thesis to refer to the time invari-
ance thesis, and strong invariance thesis to refer to the full invariance thesis.
In this thesis, I use both to refer to the full invariance thesis, unless spec-
ified otherwise. One can think of the invariance thesis as an extension of
the Church–Turing thesis: not only do all reasonable models compute the
same class of functions, but they also preserve the same complexity classes.
Throughout this thesis, I use the term reasonable strictly in this technical sense,
without reference to its everyday meaning.

It is worth noting that the term reasonable is somewhat overloaded: (1)
it can be a property of computational models, (2) it can describe the mea-
sures used for cost, and (3) it can apply to cost models themselves. In other
words, we speak of reasonable machines when referring to computational
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models that can simulate Turing machines in both directions with polynomi-
ally bounded time overhead and constant factor space overhead; we speak of
reasonable measures when referring to the cost measures that allow a com-
putational model to be reasonable.

Importantly, a reasonable cost model need not be efficient (Accattoli, 2017),
nor does it need to resemble practical implementation strategies used in real-
world programming languages. Its purpose is instead to preserve asymptotic
complexity classes. For example, reasonable cost models guarantee that stan-
dard classes such as P, PSPACE, and EXP are independent of the underlying
computational substrate. Concretely, we may define a problem to be in P if
it can be solved in (a) a polynomial number of Turing machine steps, or (b)
a polynomial number of β-reductions in λ-calculus. Without the invariance
thesis, there is no guarantee that these two definitions coincide: if simulating
λ-calculus on a Turing machine introduced exponential overhead, member-
ship in P(b) would not imply membership in P(a). P(a) and P(b) coincide
only if we can show that λ-calculus is reasonable with this measure.

2.3 Formal Verification

In this section, I introduce formal verification, interactive theorem proving
and the prover HOL4, which are the main techniques and tool I use in my
thesis to verify the cost models for CBPV.

In the modern world, where many activities—industrial, medical, and
even everyday ones—rely heavily on computerised devices. The demand
for reliability in both software and hardware has grown significantly.

History has shown that malfunctions in such systems can have conse-
quences of varying scales. For instance, the Therac-25 accidents (Leveson
and Turner, 1993), where the computerised radiation therapy machine suf-
fered from software faults, led to massive overdoses, resulting in severe harm
to patients and even fatalities. Such issues remain pressing in recent years. In
2023, Britain’s air traffic control system suffered a meltdown, affecting over
700,000 passengers and causing substantial costs to airlines and airports due
to the collapse of the National Air Traffic Services computer system (Inde-
pendent Review of NATS (EnRoute) Plc’s Flight Planning System Failure (Final
Report) 2024). On the hardware side, Intel reported processor vulnerabilities
in 2023 that could potentially expose sensitive data (CVE-2023-23583 Intel
Processor Vulnerability in NetApp Products 2023).
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These examples prompt a critical question: Are there principled approaches
we can adopt to enhance the reliability of our software and hardware sys-
tems? More specifically, can we design systems whose behaviour is provably
correct with respect to safety-critical properties, even under all possible op-
erational scenarios?

Formal methods are techniques for system design in both software and
hardware. They provide a rigorous approach to ensuring safety by mod-
elling systems as mathematical entities. While testing is essential for uncov-
ering errors, it can only cover a finite number of cases; in other words, it can
only guarantee correctness in the situations tested. Formal methods provide
an additional layer of assurance: once a system design is verified, the system
must behave as proven, even beyond tested cases. In this framework, sys-
tem behaviour is formalised using mathematical structures, where states are
represented as abstract descriptions, and the entire state space can then be
verified.

Similarly, we can also use formal methods to increase our confidence in
theoretical results, such as mathematical proofs. For instance, the Flyspeck
project (Hales et al., 2015) provides a formal proof of the Kepler conjecture.
Despite its significance, the original proof (Hales, 2005) for the Kepler conjec-
ture took years to write, and is famously complicated. The reviewer Lagarias
commented that, "The nature of this proof, ..., makes it hard for humans to
check every step reliably." (Lagarias, 2011) The formal proof ensured that
these proof steps are indeed correct by machine checking them. As we can
see, employing formal methods in theoretical research increases the reliabil-
ity and reusability of the results.

Formal verification can be achieved through techniques such as model
checking (Clarke and Emerson, 1981; Queille and Sifakis, 1982; Clarke, Emer-
son, and Sistla, 1986; Clarke, Grumberg, and Peled, 2001), theorem prov-
ing (Milner, 1972; de Bruijn, 1983; Davis, 1957; Gilmore, 1960; Davis and
Putnam, 1960; Wang, 1960; Prawitz, Prawitz, and Voghera, 1960; Robinson,
1965; Loveland, 1968), and static analysis (Johnson, 1977; Cousot and Cousot,
1977; Wichmann et al., 1995).

Theorem proving is widely used in verifying theoretical results. It was
in fact, the verification technique that was used in the Flyspeck project that
we mentioned earlier. In my thesis, I employ interactive theorem proving
to verify my results, with the focus on verifying the cost models for call-by-
push-value λ-calculus.
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2.3.1 Interactive Theorem Proving

Theorem provers are software tools that machine-check logical statements
given by users; such statements can include program properties, mathemat-
ical statements, etc. Theorem proving has been a body of research since the
1950s (Harrison, Urban, and Wiedijk, 2014), where Davis (1957), Gilmore
(1960), Davis and Putnam (1960), Wang (1960), and Prawitz, Prawitz, and
Voghera (1960) were looking into computer-assisted proofs and Robinson
(1965) and Loveland (1968) looked into automated theorem proving. In inter-
active theorem proving, a human user and the machine work collaboratively
to produce a formal proof. The machine assists the human by checking the
detailed formal proofs produced by the human. Thus, interactive theorem
provers are also called proof assistants. There are certain levels of automa-
tion in interactive theorem provers, where simple proofs can be generated by
the machine. However, human guidance is still essential in most of the proof
steps. Thus, interactive theorem proving requires extensive human effort.
On the other hand, in automated theorem proving, the machine is supposed
to fully automatically generate proofs for given assertions. But given a theo-
rem statement, providing a proof is an undecidable problem. The automated
theorem provers are only able to generate proofs for theorems at a certain
complexity; for more complicated theorems, human intelligence is required
to solve the challenging parts of the proofs. Automated theorem provers also
tend to require a longer time to run in order to generate the proofs. Thus, in-
teractive theorem provers and automated theorem provers have their own
advantages and disadvantages.

You might have a question now: what if the prover has bugs? There are a
few different ways to deal with this, one can be from the root of the provers
- their design, another one can be from after they are implemented - verify-
ing the provers. LCF (Gordon, Milner, and Wadsworth, 1979; Gordon, 2000;
Harrison, 2001) addresses this concern by providing a design framework for
constructing reliable theorem provers. The LCF approach assigns a special
abstract type thm of theorems, only allows derivation of theorems using the
inference rules given by the constructors of the thm abstract type, further
more, it enforces the implementation of the prover to be in a strongly-typed
high-level language. This design approach enforces the logical correctness.
Another approach is to verify the correctness of the prover itself in provers,
which can be done by formalising the prover’s implementation in a higher-
order logic framework and then proving its properties within that frame-
work (Sozeau et al., 2020; Harrison, 2006).
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There exist a number of widely used interactive theorem provers in the
area, such as the HOL4 theorem prover (Gordon and Melham, 1993; Slind
and Norrish, 2008), the Rocq Proof Assistant (2025) (formerly known as Coq),
Isabelle/HOL (Paulson, 1986; Nipkow, Paulson, and Wenzel, 2002; Nipkow
and Klein, 2014), and Lean (Moura et al., 2015; Moura and Ullrich, 2021).
They are developed based on different axioms and logical frameworks, each
suitable for different specific purposes. In the case of my project, I use the
HOL4 theorem prover. It allows us to describe the syntax and semantics of
λ-calculus with various evaluation strategies, and to define and verify the
cost models I develop for CBPV.

2.3.2 HOL4

HOL4 is an implementation of higher order logic, in particular, predicate cal-
culus with terms from simple type theory. HOL4 is implemented in Standard
ML (Milner, Tofte, and Harper, 1990), a general-purpose functional program-
ming language which is popular in the development of theorem provers.

There are several reasons why I chose HOL4 as the theorem prover for
my project. In comparison to higher-order logic provers, dependently-typed
provers are more expressive in ways that can be important when formalising
certain mathematical structures, as in category theory. In this work, however,
we do not need to go beyond mutually inductive datatypes, and inductive
relations and recursive functions over them. HOL4 is sufficiently expressive
for that. There are also Boyer-Moore provers (Boyer, Kaufmann, and Moore,
1995), but they might not be expressive enough for the induction and recur-
sion we need because they’re first-order logic based. This still leaves many
candidates, but I have previous experience with formalising models of com-
putation in HOL4. During my undergraduate studies, I completed individ-
ual research projects and my honours thesis using HOL4. I was also involved
in group formalisation projects with the TCS reading group at the Australian
National University. The topics I worked on include register machines, reg-
ular languages, linear temporal logic and topology.

The general approach to work with HOL4 is that we can first create an
empty new theory file, then optionally import existing theories and libraries.
Theories contain definitions and proofs, and libraries contain arbitrary ML
code (tools to help with proof automation, simplification, etc.). Then we can
make new definitions and/or define and prove new theorems under this the-
ory. After we are done with this theory, we will be able to export it and use it
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as a library when we are making other new theories.
One thing to notice is for the proofs in this thesis and the ones in the

HOL4 formalisation, I only use natural numbers (including 0). So when I am
talking about numbers, if not specified, they will mean natural numbers. In
this thesis, I abstract away the HOL4 syntax and present the definitions and
theorems using natural language and mathematical language. For the ones
interested to understand the actual code of my formalisation, detailed HOL4
syntax and examples can be found in the description manual from HOL4’s
official website (HOL, 2025).

2.4 Related Work

Here I survey related work in the development of cost models for variants of
the λ-calculus. I also survey the existing research on CBPV.

Over the years, various models of computations (Davis, 1958; Minsky,
1967; Davis, 1982; Kleene, 1981; Cook and Reckhow, 1973; Hartmanis, 1981)
have been studied. Among these models, Turing machines and the Random
Access Machine (RAM) (Cook and Reckhow, 1973) are the more practical
in reasoning about complexity, thus taking the central stage in complexity
theory.

Slot and van Emde Boas (1984) formally proposed the invariance thesis,
which states that all reasonable machines can simulate each other with poly-
nomially bounded overhead in time and constant factor overhead in space.
More specifically, they defined Turing machines to be reasonable by defini-
tion, and further showed that RAM satisfies this simulation requirement.
This thesis has been widely accepted in the complexity theory community.
van Emde Boas (1990) further discussed the invariance thesis and provided
more examples of reasonable machines and the simulations. While many se-
quential (low-level) models of computations are shown to be reasonable, cost
models for functional (high-level) languages, is still an active research area.

Frandsen and Sturtivant (1991) provides a time cost model for the full λ-
calculus as the combination of the size of the term, the size of the normal
form of the term, and the minimum number of parallel β-reduction steps
to normal form. Following that, Asperti and Mairson (1998) showed that
parallel β-reduction has extremely high worst case cost. Thus it is not an
ideal choice for cost measure. Lawall and Mairson (1996) provided a different
measure. They proved that the full λ-calculus is reasonable for both time
and space using the measures "total ink used" and "maximum ink used". The
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time measure of "total ink used" is too general, thus hard to apply to real
complexity analysis.

Blelloch and Greiner (1995) and Sands, Gustavsson, and Moran (2002) ad-
dressed cost for call-by-value λ-calculus, while studying efficiency for func-
tional languages. Dal Lago and Martini (2008) later provided a time measure
for WCBV. They define the time cost by counting the number of β-steps while
taking account of the size of β-redexes. They also proved the time invariance
of weak call-by-name λ-calculus (Dal Lago and Martini, 2012) following the
same idea. This was further strengthed by Accattoli and Dal Lago (2016) in
2016, showing that counting (leftmost-outermost) β-steps makes the full λ-
calculus reasonable for time. Continuing on this line, Accattoli, Condoluci,
and Coen (2021) showed that the strong call-by-value λ-calculus is reason-
able for time. They achieved this by developing an abstract machine, called
the strong crumbling abstract machine (SCAM), that encodes useful sharing.

The above work all focuses on time complexity, omitting the space mea-
sure, let alone the strong invariance property. Until Forster, Kunze, and Roth
(2020) proved that WCBV is reasonable for both time and space with respect
to natural measures, accompanied with a partial formalisation. They define
a natural measure to be the number of β-reductions for time, and the size of
the biggest intermediate term for space. Their research enables the formal
verification of complexity-theoretic proofs concerning complexity classes P,
NP and PSPACE. They proved that WCBV is reasonable by interleaving two
strategies: the substitution-based strategy and heap-based strategy, which I
adapt and implement for CBPV in my thesis. Later, Forster et al. (2021) pro-
vided a complete formalisation for the time invariance thesis for WCBV. The
complete formal verification of the space invariance thesis for the same cal-
culus still remains open. One limitation of this line of work, as well as ours,
is that it does not consider sublinear time or space classes.

While space complexity of λ-calculus is not as thoroughly studied as time
invariance, there has been work looking into sublinear time complexity for
variants of the λ-calculus (Ghica, 2007; Schöpp, 2007; Mazza, 2015; Dal Lago
and Schöpp, 2016). Accattoli, Dal Lago, and Vanoni (2022) presented a rea-
sonable space cost model for the pure λ-calculus that works for LOGSPACE.
This is achieved by separating space into the input space and the work space.
The input space is represented by λ-terms, and the work space is represented
by using a variant over the Krivine abstract machine (KAM) (Krivine, 2007).



32 Chapter 2. Background

Environment-based abstract machines usually exhibit the problem of exceed-
ing space bound requirement due to the poor management of garbage collec-
tion and the use of pointers. The Space KAM introduced in their work solves
this issue by encoding eager garbage collection and environment unchain-
ing. While this approach is not applicable to time invariance with natural
measures, they showed that low-level execution time of the Space KAM is
an alternative reasonable time cost model. They further demonstrated that
their space cost model is very robust by transporting the result to the call-
by-value λ-calculus. It seems promising to adapt their approach to CBPV,
however, the nature of Space KAM (giving up environment sharing) makes
it unreasonable for time with natural measures. This contradicts with my
aim of developing a cost model for CBPV that is reasonable for both time and
space with respect to natural measures. Thus while their machine achieves
great things on space cost, in this thesis, I do not follow their approach.

CBPV The CBPV developed by Levy (1999) in 1999 has been increasingly
popular in the last decade. There are various extensions of CBPV, including
with stacks (Levy, 2002), with probability (Ehrhard and Tasson, 2016), with
call-by-need (McDermott and Mycroft, 2019), with effect and coeffect track-
ing (Torczon et al., 2024) and with effects (McDermott, 2025). There is a simi-
lar λ-calculus called the Bang-calculus (Ehrhard and Guerrieri, 2016), which
can be regarded as an untyped version of CBPV without any side-effects. On
the formalisation side, there is a formal equational theory (Rizkallah, Garbu-
zov, and Zdancewic, 2018) for CBPV; there is another formalisation (Forster
et al., 2019) that includes proofs for its operational, equational, and denota-
tional theory. On the applied side, there are projects such as extracting re-
currences (Kavvos et al., 2020) using CBPV. On the semantic side, other than
some of the already mentioned work (Rizkallah, Garbuzov, and Zdancewic,
2018; Forster et al., 2019; McDermott and Mycroft, 2019), Goncharov, Tsam-
pas, and Urbat (2025) recently developed a theory of program equivalence
for CBPV.

As we can see in the increasing amount of papers related to CBPV, it is
gaining more and more traction in the programming languages community.
Given the high potential of CBPV, however, to the best of my knowledge,
there is no existing work on developing cost models for CBPV. My thesis fills
this gap by developing a cost model for CBPV that is reasonable for both time
and space with respect to natural measures. This work also substantiates
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prior research that uses CBPV for cost analysis, such as recurrence extrac-
tion for functional programs by Kavvos et al. (2020), where CBPV serves as
an intermediate language. Ultimately, this thesis establishes CBPV as a rea-
sonable model of computation for program complexity analysis, providing a
foundation for studying complexity classes such as P, NP and PSPACE.
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Chapter 3

Weak Call-By-Value is Reasonable
for Time and Space in HOL4

In this chapter, I formalise the time and space cost models for the weak call-
by-value λ-calculus (WCBV) in HOL4. This formalisation is based on prior
work by Forster, Kunze, and Roth (2020), which formalised reasonable cost
models for WCBV in the Rocq Proof Assistant (2025).

I first give an overview of the proof strategy in Section 3.1. I then for-
malise WCBV in Section 3.2. Following that, I then move on to the compiler
from WCBV terms into programs in Section 3.3. Next, I develop the interme-
diate abstract machines in Section 3.4 and verify their simulation to WCBV.
In the end, I put everything together in Section 3.5. I recapitulate the proof
by Forster, Kunze, and Roth (2020), showing that WCBV is reasonable by an
interleaving algorithm, which I also adopt for the reasonable proof in my cost
models for CBPV in Chapter 4.

My formalisations for WCBV are all done in HOL4 and can be accessed
from my GitHub repo (Chen, 2022b). It is also reviewed and included in
the official HOL4 library (HOL, 2022). This port confirms the correctness of
the original formalisation by Forster, Kunze, and Roth (2020) in a different
theorem prover with a different logical foundation. Importantly, this port
also provides a foundation for my subsequent work on cost models for CBPV
in Chapter 4.

Note that I have given the pen-and-paper definitions of WCBV in the pre-
vious chapter (Section 2.1.1), including its syntax and small-step semantics.
In this chapter, I provide definitions and theorems in a syntax that is more
consistent with the keywords used in my formalisation. It is still seman-
tically equivalent to the previous definitions, just changing some names or
layouts. I also further provide a big-step semantics for WCBV, which is more
convenient for reasoning about time and space costs.



36 Chapter 3. Call-by-Value is Reasonable
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FIGURE 3.1: Simulation between Turing Machines and WCBV

3.1 Proof Strategy

In this section, I present the proof strategy and relevant motivation by Forster,
Kunze, and Roth (2020) for showing that WCBV is reasonable.

Recall from the previous chapter (Section 2.2.2), in order to show that
WCBV is reasonable, one must prove that the simulation between WCBV
and a reasonable machine (here we choose Turing machines) has reasonable
overheads in both time and space. This simulation includes two directions,
one being Turing machines simulating WCBV, and another one being WCBV
simulating Turing machines, as visualised in Figure 3.1. The proof for the
latter direction can be obtained by adapting existing work from Dal Lago
and Accattoli (2017). The first direction, from Turing machines to WCBV, is
the theoretically challenging part.

How would we establish such a simulation? The most obvious approach
is using a substitution-based strategy, where everything is eagerly evaluated
and substituted in just as how it works in CBPV. However, this leads to prob-
lems. It is well-known that λ-calculus has the size explosion problem, where
linear growth in time can lead to exponential growth in terms of space (Slot
and van Emde Boas, 1984). That is, with O(n) β-reduction steps, the largest
intermediate term can be of size O(2n). Since Turing machines require at
least one unit of time to consume one unit of space, its time cost is going to
be at least as much as its space cost. Hence, if one adopts a substitution-based
strategy alone, the overhead in time will be exponential, which exceeds the
polynomial bound. To solve the size explosion problem, a shared memory
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structure is required to store the values. Thus the heap-based strategy is in-
corporated into the simulation. By adding an extra heap structure and store
the intermediate results there, we can solve the problem of size explosion.

The heap-based strategy, however, has a pointer explosion problem (Slot
and van Emde Boas, 1984), which makes the simulation exceed the constant
space overhead. Luckily, the size explosion problem and the pointer explo-
sion problem don’t overlap (Forster, Kunze, and Roth, 2020). To be more
specific, when the subsitution-based strategy exhibits size explosion problem
and is insufficient for time overhead, however, the space bound is guaranteed
to be safe for executing the heap-based strategy without pointer explosion.
This means that by starting with subsitution-based strategy, and switching
to heap-based strategy whenever size explosion happens, we can avoid both
size explosion and pointer explosion problems.

These two strategies are achieved by encoding them into two abstract ma-
chines, the substitution machine (Section 3.4.1) and the heap machine (Sec-
tion 3.4.2). The direction of Turing machines simulating WCBV is then proved
by going through these two machines (Section 3.5).

3.2 Weak Call-By-Value λ-Calculus

In this section, I formally define the weak call-by-value λ-calculus (WCBV),
including its syntax and semantics.

The call-by-value evaluation strategy is widely used in the λ-calculus and
functional programming languages. Under the call-by-value strategy, func-
tion arguments are evaluated before being passed to the function call as an
input. The weak version of call-by-value does not allow reductions under λ-
abstractions. Also note that in this thesis, we only work with closed λ-terms.

3.2.1 Syntax

I define the syntax for WCBV formally as follows:

Definition 15 (Syntax for WCBV).

λ-expression s, t := var n| λ. s| app s t

In the above definition,

Variable (var n): represents a variable whose de Bruijn index is n.

https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/LScript.sml#L12
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Abstraction (λ. s): represents a λ-abstraction, where s is another λ-expression
representing the abstraction body.

Application (app s t): represents a λ-application, where s represents the func-
tion body and t represents the function argument.

Note that in my final version of the formalisation, I replaced my defini-
tion of the WCBV language with the existing definition for λ-calculus from
HOL4’s library. Thus the constructor names that can be found in my formal-
isation will instead be dV for variables, dAPP for applications and dABS for
λ-abstractions. This adaption is done for the sake of consistency in the HOL
library, but that syntax is more difficult to read. Thus in this thesis, I will
use the original syntax for clarity. Similar adaptions are also done for other
definitions and theorems in my formalisation.

3.2.2 Semantics

Recall in the previous chapter, I already provided a small-step semantics (Def-
inition 11) for the call-by-value strategy. I hope that it gave a clear intuition
about how the evaluation works. In this section, I introduce a big-step opera-
tional semantics for WCBV, which produces the same final results the small-
step semantics for converging λ-terms, but easier for inference rule applica-
tions for the proof. After that, I introduce two big-step semantics of WCBV
with embedded time and space costs respectively.

As introduced in the previous chapter, we need to have substitution (Def-
inition 5) in order to define β-reductions. In particular, we need to define a
closed substitution function since we are dealing with only closed terms in
this thesis. In other words, v must be closed in this substitution. The follow-
ing function si

v defines a substitution operation that I formalised, in which all
the free variables with de Bruijn index of i in s are being replaced by v. This
substitution passes down recursively, following the syntactical structure of s:

Definition 16 (Substitution Function for WCBV). (Forster, Kunze, and Roth,
2020, Def. 2.1)

(var x)i
v = v (if x = i)

(var x)i
v = var x (if x ̸= i)

(λ. s)i
v = λ. si+1

v

(app s t)i
v = app si

v ti
v

https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/LScript.sml#L39
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Note that for the case (λ. s)i
v = λ. si+1

v , the targeted variable index i needs
to be increased by one when passed down to the underlying abstraction body
s, because this is entering an extra layer of abstraction. Recall that de Bruijn
indices are related to the position of the variable in the abstraction.

The big-step operational semantics of WCBV is then defined through the
judgement s ⇓ s′ which states that a λ-term s reduces to s′. The rules defining
this judgement are presented in Figure 3.2:

λ. s ⇓ λ. s

s ⇓ λ. s′ t ⇓ λ. t′ s′0(λ. t′) ⇓ u

app s t ⇓ u

FIGURE 3.2: Big-Step Semantics of WCBV

To make it easier to reason about the time and space cost of WCBV, I for-
malised two additional versions of big-step semantics for WCBV that carry
extra arguments representing time and space cost respectively. Note that in
Forster, Kunze, and Roth (2020, Def. 2.2), they show the definition of the
small-step semantics instead in the paper. It is equivalent to the big-step se-
mantics and furthermore, the big-step semantics is what ends up being used
in the proofs.

For the time cost version, I decorate the big-step semantics judgement
with the time cost as a subscript: s ⇓i s′. This judgement holds when the
computation s reduces to s′ with time cost i, where time cost is equivalent to
the number of reduction steps for reducing s to s′. Using this syntax, I define
the big-step semantic rules of WCBV with time cost in Figure 3.3. Note that
in the base case, the time cost for going from λ. s to itself is 0. This is because
we take the number of β-reduction steps as the time cost, and there is no
β-reduction performed to go from λ. s to itself.

λ. s ⇓0 λ. s

s ⇓i1 λ. s′ t ⇓i2 λ. t′ s′0(λ. t′) ⇓i3 u

app s t ⇓i1+i2+i3+1 u

FIGURE 3.3: Big-Step Semantics of WCBV with Time Cost

For the space cost version, I decorate the big-step semantics judgement
with the space cost as a superscript: s ⇓m s′. This judgement holds when the
computation s reduces to s′ with space cost m. This means that the largest
intermediate term size during this computation is bounded by m.

https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/LScript.sml#L310
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In order to quantify the space cost, I define a function ∥s∥ which computes
the size of the WCBV term s. For variables, I count their de Bruijn index x as
part of the term size with their face value. Note that we assume the de Bruijn
index indices to be represented in unary notation. All constructor counts as
1 unit of space respectively. The size function is defined as follows:

Definition 17 (Size Function for WCBV).

∥var x∥ = 1 + x
∥λ. s∥ = 1 + ∥s∥
∥app s t∥ = 1 + ∥s∥+ ∥t∥

Using the size function, I then define the big-step semantics rules of WCBV
with space cost in Figure 3.4:

λ. s ⇓∥λ. s∥ λ. s

s ⇓m1 λ. s′ t ⇓m2 λ. t′ s′0(λ. t′) ⇓m3 u

app s t ⇓max(m1+∥t∥+1, max(∥(λ. s′)∥+1+m2, m3)) u

FIGURE 3.4: Big-Step Semantics of WCBV with Space Cost

This space-aware big-step semantics keeps track of the biggest interme-
diate term size by taking the size of the biggest subterm in each transitition
step. The interesting case here is the app transition. There are three different
stages: (1). when evaluating s; (2). when evaluating t; (3). when substituting
the result from (2) into the result from (1). Each stage has a different size due
to subterms being at different evaluation stages, and my transition rule picks
the biggest size out of the three.

3.3 Compiling Weak Call-By-Value Terms to Pro-

grams

As a first step in bridging the gap between WCBV and Turing machines, I
define a flat data structure to represent programs that correspond to WCBV
terms. A program P is of a list of tokens, which I name as Tok in the formali-
sation. They are defined as follows:

Tokens t ∈ Tok := varT x| applyT | lamT | retT

https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/LScript.sml#L47
https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/LScript.sml#L398
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Similarly to WCBV terms, we need to have a size function for the program
tokens too. I define the size of tokens and programs as follows:

Definition 18 (Size of Tokens and Programs).

|varT x| = 1 + x
|t| = 1 (∀x.t ̸= varT x)
∥P∥ = 1 + ∑ti∈P |ti|

I account for the de Bruijn index x of a variable when accounting for token
size because larger indices require asymptotically more tape cells to store on
Turing machines. Each other token occupies 1 unit of space, as we have a
constant number of token constructors. The size of a program is simply the
sum of the size of all the tokens in the list representing the program, plus 1
(which is the size of the empty program on a Turing machine).

Intuitively, in order to show a simulation between WCBV and the abstract
machines, we need to prove that for the same input, both of them should
always return the same output within the required overhead in time and
space. But WCBV terms and machine-readable programs are two different
data structures. Thus, we need a compiler.

Below is my implementation of the compiler. It takes in a WCBV term
and returns a corresponding machine-readable program:

Definition 19 (Compilation Function). (Forster, Kunze, and Roth, 2020, Def. 2.3)

γ(var x) = varT x
γ(app s t) = γ(s) ++ γ(t) ++[applyT ]

γ(λ. s) = lamT :: γ(s) ++[retT ]

The compiler turns WCBV terms into programs by converting each sub-
term into tokens recursively and then concatenating them into a list. The
compiler converts variables in place, just map the same index x to the varT

token. The compilation for the other two constructors is slightly more com-
plicated, as they carry λ-term(s) as arguments. We need to add delimiters
to separate the terms that represents the arguments and the terms that rep-
resents the rest of the program. The compilation of app puts the compiled
function body at the front, followed by the complied function argument, and
ends with the applyT token. The applyT token is used to notate the end of this
application. The ordering of the compilation of the subterms γ(s) and γ(t) is
related to their evaluation order, which will be discussed in more detail later

https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/ProgramsScript.sml#L41
https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/ProgramsScript.sml#L21
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in the abstract machines section. Essentially, the idea is that the abstract ma-
chines read the input programs in the left-to-right order, thus we need to put
the parts that need to be evaluated first at the front. As for the compilation of
λ-abstractions, it just wraps the abstraction body s using the lamT and retT

token pair. This token pair enables the abstract machines to distinguish the
compiled argument γ(s) from the rest of the program. We wrap the whole
body rather than just using one delimiter like in the application case because
in this case, we do not want the abstraction body to be evaluated first.

The following lemma related to the compiler is useful for the space cost
analysis, showing that the size of a compiled program is linearly bounded by
the size of its corresponding WCBV term.

Lemma 20 (Program Size Bounds). (Forster, Kunze, and Roth, 2020, Lem. 2.1)
1 ≤ ∥s∥ ≤ ∥γ(s)∥ ≤ 2 ∗ ∥s∥ − 1

Proof. By structural induction on s.

We also need to define the substitution function on programs. In this
thesis, I will refer to it as program substitution. Program subsitution works
similarly to the substitution in WCBV, except that it is now dealing with a list
structure rather than a tree structure:

Definition 21 (Program Substitution). (Forster, Kunze, and Roth, 2020, Def. 2.6)

(varT x :: P)i
Q = Q :: Pi

Q (if x = i)
(varT x :: P)i

Q = varT x :: Pi
Q (if x ̸= i)

(lamT :: P)i
Q = lamT :: Pi+1

Q

(applyT :: P)i
Q = applyT :: Pi

Q

(retT :: P)0
Q = [retT ]

(retT :: P)i+1
Q = retT :: Pi

Q

[]iQ = []

One last thing we need to have for the cost analysis is to define the corre-
spondence relation formally. I use P ≫ s to notate the correspondence rela-
tion between a program P and a term s. This relation only holds if P is the
direct counterpart program representing s. I specifically restrict the relation
to abstractions, which is s in the form of (λ. s′). This restriction is essential
for the cost analysis. It is formally defined as:

https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/ProgramsScript.sml#L58
https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/ProgramsScript.sml#L135


3.3. Compiling Weak Call-By-Value Terms to Programs 43

Definition 22 (Program-Term Correspondence). (Forster, Kunze, and Roth, 2020,
Def. 2.4) For any WCBV term s and its corresponding program P, we write the cor-
respondence as P ≫ s. This correspondence is defined by the rule γt ≫ (λ. t).

https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/ProgramsScript.sml#L29
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Task Stack Value Stack Assumption

(lamT :: P) :: T V φP = (M, Q)
▷ Q ::tc T M :: V

(applyT :: P) :: T Q :: R :: V
▷ R0

lamT :: Q++[retT ] ::(P ::tc T) V

FIGURE 3.5: Transition Rules for the WCBV Substitution Ma-
chine

3.4 Abstract Machines

In this section, I introduce and formalise the abstract machines that are used
as the intermediate models between the Turing machines and WCBV. The
abstract machines include the substitution machine, and the heap machine.
Let’s start with the substitution machine.

3.4.1 Substitution Machine

The substitution machine does exactly what its name suggests - it substitutes
function arguments into the function body eagerly under the WCBV eval-
uation strategy. The reduction rules of the substitution machine are shown
in Figure 3.5 (Forster, Kunze, and Roth, 2020, Fig. 1).

The program to be evaluated will be put on the task stack, and the value
stack is used to store intermediate results. The task stack is a list of programs,
and the value stack is a list of values, where a value is defined as a program
that starts with a lamT token and ends with a retT token. The task stack is
read from left to right, and the top of the stack is on the left side of the list.
The value stack is also read from left to right. Note that in this thesis, I use
a special list operator (::tc, Definition 23) as well as the default list append-
ing operator (::). The special operator ::tc performs an empty-check on the
element being appended, and skips the appending action if it is empty. This
avoids appending empty list onto the stack, which ensures that the size of
the machine states is linear to the size of the corresponding WCBV terms.

Definition 23 (Appending Function). (Forster, Kunze, and Roth, 2020, Fig. 1)

[ ] ::tc C = C
c ::tc C = c ::tc C (c ̸= [ ])

https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/AbstractSubstMachineScript.sml#L50
https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/AbstractSubstMachineScript.sml#L50
https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/AbstractSubstMachineScript.sml#L38
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The machine transits from states to states, where each state is a tuple con-
taining a task stack and a value stack, written as (T, V). The one-step tran-
sition from one state (T, V) to state (T′, V′) is annotated as (T, V) ▷ (T′, V′).
Multiple transitions are written as (T, V) ▷σ

k (T′, V′). We obtain a new state
(T′, V′) after applying the transition rules k times on the current state (T, V),
with the size of the biggest intermediate state being σ. We elide σ or k when
irrelevant. We write ▷∗ to represent 0 or more transition steps.

The machine starts with an initial configuration where the input program
P is on the task stack and the value stack is empty: ([P], []). The machine
stops when there are no more tasks to compute, i.e., when the task stack is
empty: ([], [V]). The final result will be on top of the value stack.

There should not be a case where a naked variable is present in the task
stack, thus the reduction rules only include two cases: one for abstraction,
and one for application. These cases are sufficient to capture the behavior of
the WCBV evaluation strategy.

In the abstraction case, the machine reads the lamT token from the task
stack, and it uses the extraction function φ to find the body of the abstraction.
The extraction function (φP = (M, Q)) takes in a program P and returns a
pair of programs (M, Q), where M is the body of the abstraction, and Q is
the rest of the program after the abstraction. The machine then pushes Q
back onto the task stack and pushes the whole abstraction body (wrapped
with lamT and retT tokens) onto the value stack. Note that the extraction
function is used by both the substitution machine and the heap machine.
The extraction function φ is defined as follows:

Definition 24 (Extraction Function). (Forster, Kunze, and Roth, 2020, Def. 2.5)
φP = φ 0

[ ]
P where:

φ 0
M(retT :: Q) = (M, Q)

φ k+1
M (retT :: Q) = φ k

M ++[retT ]Q

φ k
M(lamT :: Q) = φ k+1

M ++[lamT ]
Q

φ k
M(t :: Q) = φ k

M ++[t]Q if t = var n or app

φ k
M[] = undefined

In the application case, the machine reads the applyT token from the task
stack, and it pops the top two values from the value stack. The first value is

https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/ProgramsScript.sml#L84
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the function argument Q, and the second value is the function body wrapped
with lamT and retT tokens. Note that these two things are on the value stack
before the machine reaches the applyT token because of the order of compi-
lation we define in Definition 19. It means that the machine will evaluate
the application argument and application body first and push them onto the
value stack before "knowing" it is part of an application. The machine then
performs a substitution of Q into the body M using the substitution function
we defined earlier, and pushes the result back onto the task stack for further
evaluation.

I then formalise the proofs stating the time and space overhead of the
simulation between the substitution machine and WCBV in Lemma 25 and
Lemma 26 respectively.

Lemma 25 (Substitution Machine Time Simulation). (Forster, Kunze, and Roth,
2020, Lem. 3.1) If m ⇓k n, then there exists k′ such that ([P], []) ▷k′ ([], [P

′]) where
k′ = 3 ∗ k + 1 and P = γ(m) and P′ ≫ n.

Proof. The proof proceeds by induction on the structure of the big-step se-
mantics of WCBV.

Lemma 26 (Substitution Machine Space Simulation). (Forster, Kunze, and Roth,
2020, Lem. 3.2) If m ⇓s n then there exists σ such that ([P], []) ▷σ

∗ ([], [P′]) , where
s ≤ σ ≤ 2 ∗ s and P = γ(m) and P′ ≫ n.

Proof. Similar to the time simulation proof, we induct on the structure of the
big-step semantics of WCBV and show that this theorem is true for all the
transition rules.

3.4.2 Heap Machine

The heap machine works by maintaining a heap structure that allows for
efficient storage and retrieval of values. It extends the capabilities of the sub-
stitution machine by incorporating a heap for managing closures and their
environments. Instead of substituting terms directly, the heap machine allo-
cates closures on the heap and uses references to these closures in the pro-
gram.

Below are the formal definitions of the constructs that are used in the heap
machine definition.

Definition 27 (Closure). A closure ⟨P, b⟩ is a pair consisting of a program P and
pointer b. The pointer b represents the environment under which all the free variables
in the program P can be binded to the values in the heap.

https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/AbstractSubstMachineScript.sml#L143
https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/AbstractSubstMachineScript.sml#L746
https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/AbstractHeapMachineScript.sml#L16
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(⟨P0, b0⟩, a0) (⟨P2, b2⟩, a2)(⟨P1, b1⟩, a1)

FIGURE 3.6: Heap and Closure

Definition 28 (Heap). A heap is defined as a list of heap cells (heap entries) where
each cell (C, a) consists of a closure C and an additional pointer a. The pointer a
points to the previous cell in the heap, providing a linked list representation of the
heap.

I also draw the heap structure out in Figure 3.6 for visual demonstration.
In this figure, I show a heap with three heap entries. Each heap entry con-
sists of a closure ⟨P′, bn⟩ and a pointer an. It is in a linked list structure,
thus the order of elements in this heap goes from cell 0 (⟨P0, b0⟩, a0) to cell 2
(⟨P2, b2⟩, a2) and finally to cell 1 (⟨P1, b1⟩, a1), rather than from cell 0 to cell
1 to cell 2.

I further define functions get and extended to extract information from the
heap. I also define the functions put and lookup to help manipulate the heap.

Definition 29 (Heap Indexing Function). get H a = H[a]

Definition 30 (Extension Relation). H′ is H extended if and only if, for any
heapentry m in H:

(∀α ∈ N. (get H α = m) → (get H′ α = m)

Definition 31 (Append Function). Given a heap H, and a new cell e to add to the
heap.

put H e = (H ++[e], len(H))

where ++ is list concatenation, and len is the standard length function for lists.

The append function returns a tuple containing the updated heap, and
the updated top pointer represented by the length of the original heap.

Definition 32 (Heap Lookup Function). Given a heap H, two numbers a and x,
and H[a] = (C, a′).

lookup H a 0 = C
lookup H a x = lookup H a′ (x − 1) (if x ̸= 0)

https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/AbstractHeapMachineScript.sml#L30
https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/AbstractHeapMachineScript.sml#L36
https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/AbstractHeapMachineScript.sml#L40
https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/AbstractHeapMachineScript.sml#L32
https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/AbstractHeapMachineScript.sml#L75
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Task Stack Value Stack Heap Assumption
⟨varT x :: P, a⟩ :: T V H lookup H a x = g

▷ ⟨P, a⟩ :: T g :: V H

⟨lamT :: P, a⟩ :: T V H φP = (M, Q)
▷ ⟨Q, a⟩ :: T ⟨lamT :: M ++[retT ], a⟩ :: V H

⟨applyT :: P, a⟩ :: T Q ::⟨lamT :: M ++[retT ], b⟩ :: V H put H(Q, b) = (H′, c)
▷ ⟨M, c⟩ ::⟨P, a⟩ :: T V H′

⟨[ ], a⟩ :: T V H
▷ T V H

FIGURE 3.7: Transition Rules for the WCBV Heap Machine

The lookup function goes through the linked heap structure via pointers.
Starting with pointer a on the heap, we can get the heap entry C at the cor-
responding location. The heap entry that is required is at index x. If index
is not 0 yet, we need to keep going down the heap using the next pointer a′

while counting the heap index down by 1.
With all the above definitions and helper functions, and the extraction

function from earlier (Definition 24), I then define and formalise the heap
machine as follows in Figure 3.7 (Forster, Kunze, and Roth, 2020, Fig. 2).

The heap machine has a few more reduction rules than the substitution
machine, as it needs to handle heap operations. The task stack and value
stack are now lists of closures instead of programs and values respectively.
The heap is an additional component in the machine state. The initial con-
figuration of the heap machine is (⟨P, 0⟩, [], []), where the input program P
is wrapped in a closure with pointer 0 (indicating an empty environment),
the value stack is empty, and the heap is also empty. The machine stops
when there are no more tasks to compute, i.e., when the task stack is empty:
([], V, H). The final result will be on top of the value stack.

In the heap machine, the final result is stored in the form of heap-dependent
programs. But WCBV is heap-independent. The existing compilation func-
tion (Definition 19) only converts heap-independent WCBV terms to heap-
independent programs. In order to define the simulation between the heap
machine and WCBV, we need to further define a correspondence relation be-
tween heap-dependent WCBV terms and heap-independent WCBV terms.
This can be achieved by defining a function that maps a heap-dependent
WCBV term to a corresponding heap-independent WCBV term by mapping

https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/AbstractHeapMachineScript.sml#L108
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x < k
(H, a| (var x))⇝k (var x)

(H, a|m)⇝k+1 m′

(H, a| (λ. m))⇝k (λ. m)′

(H, a|m)⇝k m′ (H, a| v)⇝k v′

(H, a| (appm v))⇝k (appm ′)v′

x ≥ k lookup H a (x − k) = ⟨P, b⟩ P ≫ s (H, b| s)⇝0 s′

(H, a| (var x))⇝k s′

FIGURE 3.8: Unfolding Rules for WCBV

the variables in the term to their actual values in the heap. I define such a
function, which I name as unfolding, as follows (Forster, Kunze, and Roth,
2020, Def. 2.7). The unfolding function is defined as a relation (H, a|m) ⇝k

m′, which states that under heap H and pointer a, the WCBV term m can be
unfolded to m′ with de Bruijn index offset k. The offset k is used to account
for the change in variable indices when entering an abstraction. The unfold-
ing relation is defined inductively by the rules presented in Figure 3.8. Note
that the variable rule is exactly where we unfold a bound variable to itself.

With the above unfolding function, I then am able to define a heap-aware
correspondence for WCBV terms as follows:

Definition 33 (Closure-Term Correspondence with Heap). (Forster, Kunze,
and Roth, 2020, Definition. 2.8) For any closure ⟨P, a⟩ with heap H and WCBV
term n, ⟨P, a⟩ is the corresponding closure for n (written as ⟨P, a⟩ ≫H n) if and
only if there exists a WCBV term m such that (H, a|m)⇝0 n and P ≫ m.

I then formalise the simulation between the heap machine and WCBV in
terms of both time and space respectively in Lemma 34 and Lemma 35 as
follows:

Lemma 34 (Heap Machine Time Simulation). (Forster, Kunze, and Roth, 2020,
Lem. 3.3) If m ⇓k n then there exists k′ such that ([P], [ ], [ ]) ▷k′ ([ ], [P

′], H),
where k′ = 4 ∗ k + 2 and P = ⟨γ(m), 0⟩ and P′ ≫H n.

Proof. The proof proceeds by induction on the big-step semantics of WCBV.

The space cost of the heap machine is unrelated to the space cost of the
WCBV term: the size of the k-th state is bounded by the size of the original
WCBV term, and the number of transition steps:

https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/AbstractHeapMachineScript.sml#L146
https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/AbstractHeapMachineScript.sml#L435
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FIGURE 3.9: Simulation between Turing Machines and WCBV
with Intermediate Models

Lemma 35 (Heap Machine Space Simulation). (Forster, Kunze, and Roth, 2020,
Lem. 3.4) If (P, [ ], [ ]) ▷k (T, N, H) where P = ⟨γ(m), 0⟩ then ∥T ++ N ++ H∥ ≤
(k + 1) ∗ (3 ∗ k + 4 ∗ ∥m∥).

Proof. The proof proceeds by showing each stack’s length and that all ele-
ments in each stack are bounded by the size of the original term m and the
number of transitions taken k.

3.5 Weak Call-By-Value is Reasonable

In order to show that WCBV is reasonable, we must show that WCBV and
Turing machines can simulate each other within polynomial time overhead
and constant space overhead. This involves proofs for both directions.

The detailed full proof can be found in the original work by Forster,
Kunze, and Roth (2020, Section 4-5). In this section, I will give a high-level
explanation of their strategy, especially the parts that are related to my for-
malisation, while omitting in-depth proof details.

The figure Figure 3.9 illustrates the simulation and the related intermedi-
ate models or proofs used. For the direction from Turing machines to WCBV,
we go through the abstract machines. In the previous sections, we have
obtained the simulation from abstract machines to WCBV. To be more spe-
cific, we proved that the substition machine can simulate WCBV (Lemma 53,

https://github.com/ZhuoZoeyChen/HOL-wcbv-reasonable/blob/archive/AbstractHeapMachineScript.sml#L798
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Lemma 54) in desired time and space bounds. We also proved that the sim-
ulation from the heap machine to WCBV (Lemma 56, Lemma 57) is within
the time and space bounds. Thus what is left to do is show that the Turing
machines can simulate the abstract machines. This can be done by first im-
plementing Turing machines M1, M2, Mn, . . . which simulate each individual
transition step of the abstract machines. Then, by looping these small Tur-
ing machines, we can obtain bigger Turing machines Msub and Mheap which
simulate the entire computation of the substitution machine and the heap
machine respectively. By interleaving these two Turing machines Msub and
Mheap, we can ultimately simulate WCBV. The interleaving strategy by de-
fault always starts with Msub, until it encounters exploding terms (size ex-
plosion). It then switches to use Mheap for the computation. In this way, size
explosion is avoided, and as explained earlier in Section 3.1, pointer explo-
sion will not happen in this case.

As for the other direction, which is from WCBV to Turing machines, it can
be done by adapting the prior work from Dal Lago and Accattoli (2017).

Together, these results provide a complete proof that WCBV is reasonable
for both time and space, as elaborated before in Figure 3.9.
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Chapter 4

Call-By-Push-Value is Reasonable
for Time and Space

This chapter demonstrates the main contribution of my thesis, proving that
CBPV is reasonable for both time and space. In this chapter, I first give an
overview of the proof strategy and the formalisation layout in Section 4.1.
Following the ideas explained in the proof strategy, I then go through the de-
tailed implementation and proofs in the proceeding sections. In Section 4.2, I
introduce my formalisation of CBPV in HOL4 and explain my design choices.
I then give relevant formalised functions and theorems necessary for compil-
ing the CBPV terms into machine readable programs in Section 4.3. Follow-
ing that, I develop and formalise the abstract machines in Section 4.4, includ-
ing the substitution machine and the heap machine. In the same section, I
formally prove that the simulation between the abstract machines and CBPV
is reasonable. Finally, in Section 4.5, I put the formalisation results together
and use them to prove on pen and paper that CBPV is reasonable for both
time and space. This is done by showing that the simulation between CBPV
and Turing machines in both directions has polynomial time overhead and
constant space overhead.

4.1 Overview

The cost model I choose is a natural measure for both time and space. Recall
from Section 2.4, the natural measure for time is the number of β-reductions,
and the natural measure for space is the size of the biggest intermediate
term. Next step is to show that this measure gives CBPV the ability to de-
fine standard complexity classes like P, NP, PSPACE, or EXP. Recall that in
the background chapter Section 2.2.2, we introduced a standard criterion
for computational complexity analysis: a reasonable model of computation.
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FIGURE 4.1: Simulation between Turing Machines and CBPV

More specifically, Turing machines are reasonable by definition, and reason-
able machines can simulate each other with polynomial time overhead and
constant factor space overhead. Thus, the goal becomes to show that with my
measures, CBPV and Turing machines can simulate each other with polyno-
mial overhead in time, and constant factor overhead in space. A high-level
overview of this simulation is shown below in Figure 4.1, a more detailed dia-
gram of this simulation is given in the later section (Section 4.5) as Figure 4.8.
This proof is an immediate corollary of the following two theorems:

Theorem 36 (Turing machines simulating CBPV). Let T, S ∈ Ω(n). For a
CBPV term s, if s reduces to a normal form t in time n and space m, then one can
construct a Turing machine Ps simulating s that halts with output Pt simulating t,
in time O(poly(T(n))) and space O(S(m)).

Theorem 37 (CBPV simulating Turing machines). Let T, S ∈ Ω(n). For a
Turing machine Ps that halts with output Pt in time n and space m, one can construct
a CBPV term s simulating Ps which can be reduced to a normal form t simulating
Pt in time O(poly(T(n))) and space O(S(n)).

That is, we must model the cost of CBPV using Turing machines and
prove that the resulting simulation is reasonable (Theorem 36). Moreover,
we must show that CBPV provides sufficient expressivity to reasonably sim-
ulate any Turing machine (Theorem 37). With these two theorems, we can
then have that CBPV is reasonable for both time and space (Theorem 38).

Theorem 38. CBPV is reasonable for time and space, i.e.
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1. Turing machines can simulate CBPV with polynomial time overhead and con-
stant factor space overhead (Theorem 36).

2. CBPV can reasonably simulate Turing machines with polynomial time over-
head and constant factor space overhead (Theorem 37).

4.1.1 Proof Strategy

In this section, I give an overview of the proof strategy for showing that
CBPV is reasonable. This includes the simulation from Turing machines to
CBPV, and the simulation from CBPV to Turing machines. I later apply this
proof strategy to obtain the main result in Section 4.5.

Turing machines simulating CBPV

Inspired by the strategy used for proving that WCBV is reasonable (Forster,
Kunze, and Roth, 2020), I verify that Turing machines can simulate CBPV
within the required bounds on overhead with the help of two intermediate
abstract machines. Namely, the substitution machine (Section 4.4.1) and the
heap machine (Section 4.4.2).

As discussed in the previous chapter (Section 3.1), both of these abstract
machines are needed for simulating WCBV due to the size explosion and
pointer explosion problems. The same problems apply to CBPV, thus both
machines are used for this simulation too.

I formalise the simulation from each of the two abstract machines to CBPV
and verify that it respects the desired bounds in terms of time and space
overhead. The costs for CBPV turn out to be asymptotically similar to those
for WCBV, enabling the adoption of an existing algorithm (Forster, Kunze,
and Roth, 2020) to obtain a Turing machine simulation by interleaving the
evaluation of the substitution and heap machines.

CBPV simulating Turing machines

For this direction, I use WCBV as an intermediate model. I first formalise the
translation from WCBV to CBPV provided by Levy (1999). I then show that
CBPV can simulate WCBV with reasonable time and space overheads. We
know that WCBV can simulate Turing machines with reasonable time and
space overheads (Forster, Kunze, and Roth, 2020, Theorem 5.1); as a corollary,
we obtain that the simulation from CBPV to Turing machines is reasonable.
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4.1.2 Formalisation

I formally verify in HOL4 that my time and space cost models for CBPV
exhibit the desired overheads.My formalisation is structured into a collection
of HOL4 theory files, each addressing the following aspects:

1. The syntax and semantics of CBPV, including extra big-step semantics
that keeps track of the time and space cost during the evaluation. (Sec-
tion 4.2)

2. The definition of machine-readable programs and a compilation func-
tion from CBPV terms to machine-readable programs. (Section 4.3)

3. The semantics of substitution machines and proofs for its simulation of
CBPV terms with respect to time and space. (Section 4.4.1)

4. The semantics of heap machine and proofs for its simulation of CBPV
with respect to time and space. Related helper definitions and func-
tions, such as the heap structure and the unfolding function. (Sec-
tion 4.4.2)

5. The proofs of CBPV simulating WCBV. (Section 4.5.2)

The above formalisation provides all the core proofs for CBPV being rea-
sonable. These formalised proofs are then brought together to reach the fi-
nal proof goal by using the interleaving strategy via pen-and-paper proofs,
adapted from the literature and detailed in Section 4.5.

4.2 Call-By-Push-Value λ-Calculus

I have introduced CBPV in the background chapter (Section 2.1.2) on a more
general level and provided detailed explanation and examples. In this sec-
tion, I focus more on my formalisation of CBPV and provide insights on my
design decisions. I choose my notation to closely follow the formalisation.
This is both to ease the reading of this thesis by itself and to bridge to the
formalisation as smoothly as possible.

For simplicity, I choose to work on a core fragment of untyped CBPV that
is sufficient for demonstrating reasonability. I consider types an orthogonal
concern: the well-typed CBPV terms are a strict subset of the untyped CBPV
terms, so a cost model for the former immediately suggests a cost model
for the latter. Note that the untyped variant of CBPV itself is used in λ-
calculus research, particularly in the context of compilation. For instance,
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it was linked to control flow graphs (Rizkallah, Garbuzov, and Zdancewic,
2018), and subsequently used to verify real-world compiler optimisations.

The set of core untyped CBPV terms is defined below in Definition 39
through two mutually recursively defined sets; a set of values V and a set of
computations M. The mutually recursive definition of CBPV added technical
difficulties in my formalisation as all the other relevant functions need to be
defined in a mutually recursive manner as well. For instance, the substitu-
tion function for CBPV, and the compilation function for compiling CBPV
terms into programs are both defined mutually recursively, which adds for-
malisation challenges.

Definition 39 (Syntax for CBPV).

Values V := var x | thunk M

Computations M := λ. M | app M V | force V | ret V |
seq M M | pseq M M M | let V. in M

As one might notice, the above definition has an extra pseq compared to
the standard syntax of untyped CBPV without pairs defined in Definition 13.
This is because without the expressive power of pairs, the space overhead for
simulating Turing machines using CBPV in Section 4.5.2 exceeds the desired
threshold. In order to fix this problem, I add an extra constructor pseq, an im-
plementation of a pair type designed specifically for seq. pseq works similar
to seq, except that it takes three computations instead of two. pseq then sub-
stitutes the return results from both of the two computations into the third
computation.

In my formalisation for CBPV syntax, terms are defined as two separate
but mutually recursive datatypes. Hence, all the definitions and proofs that
use CBPV terms in the formalisation are written in the mutual recursive style.
For instance, the compilation function is formalised in terms of two functions
compileVal and compileComp instead of a single compile function. For simplic-
ity, in this thesis, I omit this distinction when referring to other functions.

I then formalise the big-step semantics of closed CBPV provided by Levy
(2001); that is, I only consider terms with no free variables at the top level.
Similar to the change I made in the syntax, I also add pseq as a special case of
the pair type into my semantics.

In order to define the semantics for closed CBPV, I need to first provide
a closed substitution function for β-reductions. The following function mi

v

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/CBPV_Mutual_RecursiveScript.sml#L21
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substitutes all the variables with de Bruijn index i by v in m by recursively
visiting all the inner terms of m:

Definition 40 (Substitution function).

(λ. m)i
u = λ. (mi+1

u )

(appm v)i
u = app (mi

u) (vi
u)

(ret v)i
u = ret (vi

u)

(seqm n)i
u = seq (mi

u) (ni+1
u )

(pseqm2 m1 n)i
u = pseq (m2

i
u) (m1

i
u) (ni+2

u )

(var x)i
u = u (if x = i)

(var x)i
u = var x (if x ̸= i)

(thunk m)i
u = thunk (mi

u)

(force v)i
u = force (vi

u)

(let v. inm)i
u = let (vi

u). in (mi+1
u )

Note the special cases such as (λ. m)i
u, where we need to increment the

targeted variable index i accordingly because we are entering extra layers of
abstractions. A more special case is (pseqm2 m1 n)i

u, we increment i by two
for this substitution because n needs to leave two free variable names for the
two computations m1 and m2.

The big-step operational semantics of CBPV is then defined through the
judgement m ⇓ n which states that a computation m reduces to n. The rules
defining this judgement are presented in Figure 4.2:

λ. m ⇓ λ. m ret v ⇓ ret v
m ⇓ m′

force (thunk m) ⇓ m′
m0

v ⇓ m′

let v. inm ⇓ m′

m ⇓ λ. n n0
v ⇓ n′

appm v ⇓ n′
m ⇓ ret v n0

v ⇓ n′

seqm n ⇓ n′

m1 ⇓ ret v1 m2 ⇓ ret v2 (n0
v1
)

1
v2

⇓ n′

pseqm2 m1 n ⇓ n′

FIGURE 4.2: Big-Step Semantics of CBPV

I then further provide two other versions of big-step semantics of CBPV
with regard to time cost (Figure 4.3) and space cost (Figure 4.4). They share
the same notation as the ones for WCBV (Section 3.2), hence I will elide re-
peated explanation.

Before defining rules for the big-step semantics with space cost, we need
to have a size function:

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/CBPV_Mutual_RecursiveScript.sml#L41
https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/CBPV_Mutual_RecursiveScript.sml#L84


4.2. Call-By-Push-Value λ-Calculus 59

λ. m ⇓0 λ. m ret v ⇓0 ret v
m ⇓k m′

force (thunk m) ⇓k+2 m′

m0
v ⇓k m′

let v. inm ⇓k+1 m′
m ⇓k1

λ. n n0
v ⇓k2

n′

appm v ⇓k1+k2+1 n′
m ⇓k1

ret v n0
v ⇓k2

n′

seqm n ⇓k1+k2+1 n′

m1 ⇓k1
ret v1 m2 ⇓k2

ret v2 (n0
v1
)

1
v2

⇓k3
n′

pseqm2 m1 n ⇓k1+k2+k3+1 n′

FIGURE 4.3: Big-Step Semantics of CBPV with Time Cost

Definition 41 (Size of CBPV Term).

∥var x∥ = 1 + x
∥thunk m∥ = 1 + ∥m∥
∥force v∥ = 1 + ∥v∥
∥let v. inm∥ = 1 + ∥v∥+ ∥m∥
∥λ. m∥ = 1 + ∥m∥
∥appm v∥ = 1 + ∥m∥+ ∥v∥
∥ret v∥ = 1 + ∥v∥
∥seqm n∥ = 1 + ∥m∥+ ∥n∥
∥pseqm2 m1 n∥ = 1 + ∥m2∥+ ∥m1∥+ ∥n∥

We can then define the space-aware semantics:

λ. m ⇓∥m∥+1 λ. m ret v ⇓∥v∥+1 ret v

m ⇓s m′

force (thunk m) ⇓max(s, ∥m∥+2) m′
m0

v ⇓s m′

let v. inm ⇓max(s, ∥v∥+∥m∥+1) m′

m ⇓s1 λ. n n0
v ⇓s2 n′

appm v ⇓max(s1+∥v∥+1, s2) n′
m ⇓s1 ret v n0

v ⇓s2 n′

seqm n ⇓max(s1+∥n∥+1, s2) n′

m1 ⇓s1 ret v1 m2 ⇓s2 ret v2 (n0
v1
)

1
v2 ⇓s3 n′

pseqm2 m1 n ⇓max(s1+∥m2∥+∥n∥+1, ∥v1∥+s2+∥n∥+1, s3) n′

FIGURE 4.4: Big-Step Semantics of CBPV Terms with Space
Cost

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/CBPV_Mutual_RecursiveScript.sml#L99
https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/CBPV_Mutual_RecursiveScript.sml#L27
https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/CBPV_Mutual_RecursiveScript.sml#L137
https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/CBPV_Mutual_RecursiveScript.sml#L137
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I will go through the pseq case as an example. There are three different
stages in this reduction: (1). when evaluating m1; (2). when evaluating m2 (3).
when substituting results v1 and v2 into n. Each stage incurs different costs,
and only the maximum is taken as the cost for the whole reduction of pseq.

4.3 Compiling Call-By-Push-Value Terms to Pro-

grams

For the same reason as the case for WCBV in Section 3.3, I develop relevant
definitions and functions for compiling CBPV terms to machine-readable
programs. Note that there are two sets of program tokens and two compi-
lation functions, which are used for the substitution machine and the heap
machine respectively.

I define the programs to be the same flat list structure as in the previous
chapter, with the difference of some extra CBPV specific tokens:

Definition 42 (Program Tokens for Substitution Machine).

t ∈ Tok := varT x | thunkT | endThunkT | forceT | applyT |
lamT | endLamT | retT | endRetT | seqT | endSeqT |
pseqT | endPseqT | letinT | endLetinT

Definition 43 (Size of Tokens).

|varT x| = 1 + x
|t| = 1 (∀x.t ̸= varT x)

Definition 44 (Size of Programs).

∥P∥ = 1 + ∑ti∈P |ti|

The program tokens for the heap machine (Definition 45) are mostly the
same as the ones for the substitution machine, except that it removed endRetT .
The size functions work similarly, we will not repeat them again.

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/ProgramScript.sml#L12
https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/ProgramScript.sml#L44
https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/ProgramScript.sml#L51
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Definition 45 (Program Tokens for Heap Machine).

t ∈ Tok := varT x | thunkT | endThunkT | forceT | applyT |
lamT | endLamT | retT | seqT | endSeqT |
pseqT | endPseqT | letinT | endLetinT

We can then define the compilers. Below are my implementations of two
compilers. Each compiler takes in a CBPV term and returns a corresponding
machine-readable program. The first compiler in Definition 46 is designed
for the substitution machine. The second compiler in Definition 47 is de-
signed for the heap machine and is modified based on the first compiler.

Definition 46 (Compilation Function for Substitution Machine).

γ(var x) = varT x
γ(thunk m) = thunkT :: γ(m) ++[endThunkT ]

γ(force v) = γ(v) ++[forceT ]

γ(ret v) = retT :: γ(v) ++[endRetT ]

γ(λ. m) = lamT :: γ(m) ++[endLamT ]

γ(appm v) = γ(m) ++ γ(v) ++[applyT ]

γ(seqm n) = γ(m) ++[seqT ] ++ γ(n) ++[endSeqT ]

γ(pseqm1 m2 n) = γ(m1) ++ γ(m2) ++[pseqT ] ++ γ(n) ++[endPseqT ]

γ(let v. inm) = γ(v) ++[letinT ] ++ γ(m) ++[endLetinT ]

The compiler turns CBPV terms into programs by converting each sub-
term into tokens recursively and then merging them into a list. For simple
terms like (var x), we convert them in place. For more complicated terms,
we add delimiters when necessary to preserve the syntactic structure of the
original CBPV term.

The development of this compiler is challenging as different constructors
require their fields to be treated differently in order for the transition rules
to work. For instance, the compilation of (λ. m) adds an extra endLamT to-
ken to delimit the computation m, so it’s easier for the abstract machines to
distinguish γ(m) from the rest of the programs.

Another example is (seqm n). In this case, we have two computations to
take care of. Thus extra care needs to be taken. I designed the compiler in a
way such that it moves γ(m) to the front and delimits γ(n) by using extra to-
ken pairs instead of putting both of the computations inside, like the case for

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/ProgramHeapScript.sml#L14
https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/ProgramScript.sml#L22
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(λ. m). This is done so that the machine can recognise when the computation
of γ(m) is done and then perform the substitution on γ(n) using its result.

Note that having γ(m) at the front instead of γ(n) is necessary for γ(m)

to be evaluated automatically first. Another thing to pay atttention to is how
γ(n) is delimited by seqT and endSeqT instead of being by itself like γ(m).
This is because we do not wish to evaluate γ(n) in the case of seqT . Similar
to CBPV’s semantics, in the corresponding machines for CBPV, seqT should
not evaluate γ(n) before substituting the value of γ(m) into γ(n) accord-
ingly. Thus we use seqT and endSeqT to prevent γ(n) from being evaluated
automatically in the machine rules.

Other computation rules work similarly, I omit the explanation of the re-
maining rules.

The following function (Definition 47) for the heap machine differs from Def-
inition 46 only in the compilation of (ret v). It is necessary for the heap ma-
chine to compile retT in this way instead of delimiting the body with a retT

and endRetT pair like the substitution machine. In Section 4.4.2 I provide
more explanation of this design.

Definition 47 (Compilation Function for Heap Machine).

γ′(var x) = varT x
γ′(thunk m) = thunkT :: γ′(m) ++[endThunkT ]

γ′(force v) = γ′(v) ++[forceT ]

γ′(ret v) = γ′(v) ++[retT ]

γ′(λ. m) = lamT :: γ′(m) ++[endLamT ]

γ′(appm v) = γ′(m) ++ γ′(v) ++[applyT ]

γ′(seqm n) = γ′(m) ++[seqT ] ++ γ′(n) ++[endSeqT ]

γ′(pseqm1 m2 n) = γ′(m1) ++ γ′(m2) ++[pseqT ] ++ γ′(n) ++[endPseqT ]

γ′(let v. inm) = γ′(v) ++[letinT ] ++ γ′(m) ++[endLetinT ]

The reason to have two compilations is convenience. On the one hand,
having start-end token pairs is technically convenient when reasoning about
the machines. On the other hand, having one less token gives us more slack
when chasing inequalities in proofs of space bounds. I could modify the
substitution machine to use γ′, but there would be little benefit to this: the
simulation strategy does not require the machines to use the same syntax.
The following lemma is useful for the space cost analysis, showing that the
size of a compiled program is linearly bounded by the size of its correspond-
ing CBPV term. (Note that γ′ also has a similar lemma.)

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/ProgramHeapScript.sml#L24
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Lemma 48 (Program Size Bounds). 1 ≤ ∥m∥ ≤ ∥γ(m)∥ ≤ 2 ∗ ∥m∥ − 1

Proof. By structural induction on m.

We also need to define program substitution functions (Definition 49,Def-
inition 50 ) to use in the abstract machines. Note that the only difference of
the two program substitution functions is the rule for endRetT , as the compi-
lation for heap machine programs removed this construct completely.

Definition 49 (Program Substitution for Substitution Machine).

(varT x :: P)i
Q = Q :: Pi

Q (if x = i)
(varT x :: P)i

Q = varT x :: Pi
Q (if x ̸= i)

(lamT :: P)i
Q = lamT :: Pi+1

Q

(endLamT :: P)0
Q = [endLamT ]

(endLamT :: P)i+1
Q = endLamT :: Pi

Q

(seqT :: P)i
Q = seqT :: Pi+1

Q

(endSeqT :: P)0
Q = [endSeqT ]

(endSeqT :: P)i+1
Q = endSeqT :: Pi

Q

(pseqT :: P)i
Q = pseqT :: Pi+2

Q

(endPseqT :: P)i
Q = [endPseqT ] (i f i ≤ 1)

(endPseqT :: P)i+2
Q = endPseqT :: Pi

Q

(letinT :: P)i
Q = letinT :: Pi+1

Q

(endLetinT :: P)0
Q = [endLetinT ]

(endLetinT :: P)i+1
Q = endLetinT :: Pi

Q

(applyT :: P)i
Q = applyT :: Pi

Q

(retT :: P)i
Q = retT :: Pi

Q

(endRetT :: P)i
Q = endRetT :: Pi

Q

(forceT :: P)i
Q = forceT :: Pi

Q

(thunkT :: P)i
Q = thunkT :: Pi

Q

[]iQ = []

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/ProgramScript.sml#L69
https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/ProgramScript.sml#L816
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Definition 50 (Program Substitution for Heap Machine).

(varT x :: P)i
Q = Q :: Pi

Q (if x = i)
(varT x :: P)i

Q = varT x :: Pi
Q (if x ̸= i)

(lamT :: P)i
Q = lamT :: Pi+1

Q

(endLamT :: P)0
Q = [endLamT ]

(endLamT :: P)i+1
Q = endLamT :: Pi

Q

(seqT :: P)i
Q = seqT :: Pi+1

Q

(endSeqT :: P)0
Q = [endSeqT ]

(endSeqT :: P)i+1
Q = endSeqT :: Pi

Q

(pseqT :: P)i
Q = pseqT :: Pi+2

Q

(endPseqT :: P)i
Q = [endPseqT ] (i f i ≤ 1)

(endPseqT :: P)i+2
Q = endPseqT :: Pi

Q

(letinT :: P)i
Q = letinT :: Pi+1

Q

(endLetinT :: P)0
Q = [endLetinT ]

(endLetinT :: P)i+1
Q = endLetinT :: Pi

Q

(applyT :: P)i
Q = applyT :: Pi

Q

(retT :: P)i
Q = retT :: Pi

Q

(forceT :: P)i
Q = forceT :: Pi

Q

(thunkT :: P)i
Q = thunkT :: Pi

Q

[]iQ = []

Moreover, my cost analysis relies on the correspondence relation P ≫ m
between a program P and a term m that holds if P is the direct counterpart
program representing m. Formally:

Definition 51 (Program-Term Correspondence). For any program P and CBPV
term m, P is the corresponding program for m (written as P ≫ m) if and only if
γ(m) = P.

You might notice that this correspondence definition is slightly different
from the one defined in the last chapter (Definition 22). In this case, we no
longer need to restrict it to be abstractions because our machine rules do not
eagerly remove the abstraction constructor from the term before placing it on
the value stack.

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/ProgramHeapScript.sml#L690
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4.4 Abstract Machines

In this section, I first introduce an auxiliary extraction function that is used by
both abstract machines. I then introduce the two intermediate abstract ma-
chines, the substitution machine (Section 4.4.1) and the heap machine (Sec-
tion 4.4.2), and investigate their cost in relation to CBPV.

For each pair of delimiter tokens, I define a φ function to scan a program
until the corresponding end delimiter. That includes: thunkT - endThunkT ,
lamT - endLamT , seqT - endSeqT , pseqT - endPseqT , letinT - endLetinT for both
abstract machines, and an extra pair, retT - endRetT , for the substitution ma-
chine. This difference is due to the different compilation function for the
substitution machine and the heap machine.

The extraction functions for all these pairs work in the exact same way,
and they serve the same purpose. The idea is that φP = (M, Q) strips the
argument body out of P and returns it as M, where Q is the rest of the pro-
gram. We show the extraction function l φ for lamT - endLamT in the sub-
stitution machine below as an example. The intuition is similar to finding
matching parentheses pairs. When l φ is applied to a wellformed P, we have

l φP = l φ(M ::[endLamT ] ++ Q) = (M, Q), where M has balanced lamT -
endLamT pairs.

Definition 52 (Extraction Function for lamT - endLamT ). l φP =
l
φ 0
[ ]

P where:

l φ
0
M(endLamT :: Q) = (M, Q) l φ

k
M(t :: Q) =

l
φ k

M ++[t]Q

l φ
k
M(lamT :: Q) =

l
φ k+1

M ++[lamT ]
Q l φ

k
M[] = undefined

l φ
k+1
M (endLamT :: Q) =

l
φ k

M ++[endLamT ]Q

The extraction functions for the rest of the delimiter pairs (t φ for thunkT -
endThunkT , s φ for seqT - endSeqT , p φ for pseqT - endPseqT , i φ for letinT -
endLetinT and r φ for retT - endRetT ) are defined in a similar manner, I will
elide their definition here.

4.4.1 Substitution Machine

In this section, I develop a substitution machine that implements a substitution-
based evaluation strategy for programs corresponding to CBPV terms. I use
the helper function (::tc, Definition 23) defined in the previous chapter for
both my substitution machine and my heap machine in this chapter. This

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/ProgramScript.sml#L99
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helper function removes empty inputs instead of appending everything onto
a given list of lists. This prevents empty lists from accumulating on the task
stack.

Similar to CBPV’s small-step semantics, the substitution machine per-
forms substitutions immediately as they appear at the top of the current
stacks. The machine state consists of two stacks: the task stack and the value
stack. In the initial state, the value stack is empty and the task stack contains
the γ(m) for a CBPV computation m. On successful termination, a final value
is produced on the value stack. Note that the value stack (despite its name)
will sometimes contain computations in non-final states. An alternative pre-
sentation would be to add an extra stack for computations, but I found no
need for this.

The substitution function for programs, written, Pi
Q is similar to that for

CBPV terms (Section 4.2), so its definition is elided. Figure 4.5 describes
the transition rules for the substitution machine in a tabular format. The
three columns represent the task stack, the value stack, and the assumptions.
Each ▷ represents one transition step, where the row above ▷ represents the
current state of the machine, and the row on the same level as ▷ represents
the next state of the machine after the transition. While it may seem similar
to the subsitution machine for WCBV (Figure 3.5), I carefully decide the eval-
uation ordering for all the additional constructors, as they exhibit different
behaviours. Such decision was already reflected in the prior definition of the
compilation functions (Definition 19, Definition 47), where the ordering of
the operands after compiling implicitly suggests which of them will be eval-
uated or otherwise acted on first. Similar design process applies to the heap
machine in the later section as well.

Let’s look at the transition for thunkT as an example. It basically strips
one layer of thunkT :: · · · :: [endThunkT ] off the task stack and places it on
the value stack. In the current state, we have (thunkT :: P) :: T in the task
stack, V in the value stack. We further have the assumption that extracting
P (using the extraction function φ) gives the body of the thunkT operation as
M and stores the rest of the program in P as Q. Using the transition rule, it
updates the task stack to be Q (the part of P that is not included in the thunkT

operation) appended to T using the appending function from Definition 23;
it also adds the whole thunkT operation on the existing value stack.

Note that the transition rules for seqT and pseqT can strip retT compo-
nents from the value stack directly without the extraction function φ. For in-
stance, in the seqT rule, retT :: U ++[endRetT ] is just the first element on the
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value stack. We can strip it with a simple list operation. Furthermore, since
there is no extra tailing programs after endRetT in retT :: U ++[endRetT ], we
can obtain U by removing retT and endRetT using simple list operations.

The transition rule for varT is not strictly necessary: we only consider
closed terms, so the rule will never be exercised when running the compi-
lation output. Nonetheless, including it appears to make the proofs more
ergonomic, by making it unnecessary to carry around a closedness side con-
dition. For example, consider the useful technical lemma

((γ(v) :: P) :: T, V) ▷ (P ::tc T, γ(v) :: V)

which holds unconditionally when the varT rule is present in the substitution
machine semantics. If we remove the rule, it only holds when v is a thunk,
which means we could not apply this lemma in the proof of this section’s
main theorems without carrying around an explicit closedness assumption.

Multiple transitions are written as (T, V) ▷σ
k (T′, V′). We obtain a new

state (T′, V′) after applying the transition rules k times on the current state
(T, V), with the size of the biggest intermediate state being σ. We elide σ or
k when irrelevant. We write ▷∗ to represent 0 or more transition steps.

I prove that the substitution machine can simulate CBPV with constant
time overhead. In particular, I formally verify that the following time bounds
hold.

Lemma 53 (Substitution Machine Time Simulation). If m ⇓k n, then there
exists k′ such that ([P], []) ▷k′ ([], [P

′]) where k′ ≤ 3 ∗ k + 1 and P ≫ m and
P′ ≫ n.

Proof. The proof proceeds by induction on the structure of the big-step se-
mantics of CBPV. We exhibit each reduction rule and show that their corre-
sponding transition rule in the substitution machine will have the time cost
in the required bound.

Moreover, I prove that the space cost of the substitution machine is similar
to that of CBPV. More specifically, I formally verify the following constant
space bound hold.

Lemma 54 (Substitution Machine Space Simulation). If m ⇓s n then there
exists σ such that ([P], []) ▷σ

∗ ([], [P′]) , where s ≤ σ ≤ 9 ∗ s and P ≫ m and
P′ ≫ n.

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/SubstMachineScript.sml#L507
https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/SubstMachineScript.sml#L853
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Task Stack Value Stack Assumption
(varT n :: P) :: T V

▷ P ::tc T varT n :: V

(thunkT :: P) :: T V t φP = (M, Q)
▷ Q ::tc T thunkT :: M ++[endThunkT ] :: V

(forceT :: P) :: T (thunkT :: K) :: V t φK = (M, [ ])
▷ (M ++ P) ::tc T V

(lamT :: P) :: T V l φP = (M, Q)
▷ Q ::tc T (lamT :: M ++[endLamT ]) :: V

(applyT :: P) :: T Q ::(lamT :: M ++[endLamT ]) :: V
▷ M0

Q ::(P ::tc T) V

(retT :: P) :: T V r φP = (U, Q)
▷ Q ::tc T (retT :: U ++[endRetT ]) :: V

(seqT :: P) :: T (retT :: U ++[endRetT ]) :: V s φP = (N, Q)
▷ N0

U ::(Q ::tc T) V

(pseqT :: P) :: T (retT :: U2 ++[endRetT ]) ::(retT :: U1 ++[endRetT ]) :: V p φP = (N, Q)

▷ (N0
U1
)

1
U2

::(Q ::tc T) V

(letinT :: P) :: T K :: V i φP = (M, Q)
▷ M0

K ::(Q ::tc T) V

FIGURE 4.5: Transition Rules for the CBPV Substitution Ma-
chine

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/SubstMachineScript.sml#L54
https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/SubstMachineScript.sml#L54
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Proof. Similar to the time simulation proof, we induct on the structure of the
big-step semantics of CBPV and show that this theorem is true for all the
transition rules.

4.4.2 Heap Machine

In this section, I introduce the heap machine, an environment-based abstract
machine used for simulating CBPV. Free variables in programs are inter-
preted as heap pointers and the machine uses a heap to store the values
of such variables. I adapt the relevant definitions from the previous chap-
ter (Section 3.4.2), including closure type, heap type, and other helper func-
tions ( Definition 27, Definition 28, Figure 3.6, Definition 29, Definition 30, Def-
inition 31, and Definition 32).

With these definitions in place, we can now construct our heap machine.
The heap structure for the heap machine works similarly as the previous
chapter, where the states of the heap machine is defined as triplets consist-
ing of a task stack, a value stack and a heap. The heap machine deals with
variables and substitution-related operations very differently to substitution
machines. It stores values in the heap and substitutes variables with pointers
instead of directly substituting all the values in-place.

The transition rules for the heap machine are shown in Figure 4.6. They
read similarly to the rules for the CBPV substitution machine (Figure 4.5) and
the rules for the WCBV heap machine (Figure 3.7).

Comparing to the CBPV substitution machine, there are some minor dif-
ferences that are not directly related to substitution, but are convenient in the
proofs; for example, I spell out the thunkT structure for the forceT case, so
this rule does not have to use the φ function. Other than that, I also made
a major change to the retT case. The observant reader may recall that the
compilation function for substitution machines defined in Definition 46 had
an endRetT , which I drop in the case of heap machine. This allows the heap
machine to evaluate the value inside retT first. In the substitution machine,
I simply put the whole value on the value stack directly. This works for the
substitution machine because in CBPV the values do not require further re-
duction. However, this becomes an issue in the heap machine because the
value inside retT can now be a free variable, which needs to be mapped to
its value in the heap.

In comparison to the WCBV heap machine, while the overlapping rules
behave the same, the CBPV heap machine has more extra constructors and
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thus many different reduction cases that need to be taken care of in the proof,
which created a new level of difficulty in the formalisation process.

In the proofs, I write heap machine transitions as (T, V, H) ▷σ
k (T

′, V′, H′),
where (T, V, H) is a triple representing the current task stack, value stack,
and heap. We obtain a new state (T′, V′, H′) after applying the transition
rules k times on the current state, with the size of the biggest intermediate
state being σ. We leave the σ or k out when they are not relevant to the proof.

Similar to the WCBV case, before verifying the simulation from heap
machine to CBPV, we need to first define the correspondence between pro-
grams with heap and CBPV terms. The correspondence between programs
and CBPV terms in the presence of an environment is more complicated
compared to the prior correspondence we defined for regular programs and
CBPV terms (Definition 51). In order to reason about CBPV terms with the
heap, I define an unfolding judgement to relate a given heap-dependent CBPV
term to a heap-independent CBPV term that is semantically equivalent.

The unfolding judgement (H, a|m1) ⇝k m2 (Figure 4.7) takes as inputs
a heap H, a pointer a, a variable bound number k, and two CBPV terms m1

and m2. It returns true if and only if m2 is identical to m1 with all of its free
variables replaced by their values in the heap H.

The two variable rules are the interesting ones. The first variable rule is
also present in the unfolding rules for WCBV (Figure 3.8), representing the
case where the variable mapping actually happens. The second variable rule
(at the bottom of Figure 4.7) is for the case when the variable is free, so it
substitutes the variable away using the value that this variable represents on
the heap.

I then define a heap-aware correspondence using the unfolding function
as follows:

Definition 55 (Closure-Term Correspondence with Heap). : For any closure
⟨P, a⟩ with heap H and CBPV term n, ⟨P, a⟩ is the corresponding closure for n
(written as ⟨P, a⟩ ≫H n) if and only if there exists a CBPV term m such that
(H, a|m)⇝0 n and γ′(m) = P.

I prove in HOL4 that the heap machine can simulate CBPV with linear
overhead in time:

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/HeapMachineScript.sml#L262
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Task Stack Value Stack Heap Assumption
⟨varT x :: P, a⟩ :: T V H lookup H a x = g

▷ ⟨P, a⟩ :: T g :: V H

⟨thunkT :: P, a⟩ :: T V H t φP = (M, Q)
▷ ⟨Q, a⟩ :: T ⟨thunkT :: M ++[endThunkT ], a⟩ :: V H

⟨forceT :: P, a⟩ :: T ⟨thunkT :: M ++[endThunkT ], b⟩ :: V H
▷ ⟨M, b⟩ ::⟨P, a⟩ :: T V H

⟨lamT :: P, a⟩ :: T V H l φP = (M, Q)
▷ ⟨Q, a⟩ :: T ⟨lamT :: M ++[endLamT ], a⟩ :: V H

⟨applyT :: P, a⟩ :: T Q ::⟨lamT :: M ++[endLamT ], b⟩ :: V H put H(Q, b) = (H′, c)
▷ ⟨M, c⟩ ::⟨P, a⟩ :: T V H′

⟨retT :: P, a⟩ :: T ⟨M, b⟩ :: V H
▷ ⟨P, a⟩ :: T ⟨M, b⟩ :: V H

s φP = (N, Q)
⟨seqT :: P, a⟩ :: T ⟨M, b⟩ :: V H put H(⟨M, b⟩, a) = (H′, c)

▷ ⟨N, c⟩ ::⟨Q, a⟩ :: T V H′

p φP = (N, Q)

put H(⟨M2, b2⟩, a) = (H1, c1)
⟨pseqT :: P, a⟩ :: T ⟨M2, b2⟩ ::⟨M1, b1⟩ :: V H put H1(⟨M1, b1⟩, a) = (H2, c2)

▷ ⟨N, c2⟩ ::⟨Q, a⟩ :: T V H2

i φP = (M, Q)
⟨letinT :: P, a⟩ :: T K :: V H put H(K, a) = (H′, b)

▷ ⟨M, b⟩ ::⟨Q, a⟩ :: T V H′

⟨[ ], a⟩ :: T V H
▷ T V H

FIGURE 4.6: Transition Rules for the CBPV Heap Machine

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/HeapMachineScript.sml#L121
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x < k
(H, a| (var x))⇝k (var x)

(H, a|m)⇝k+1 m′

(H, a| (λ. m))⇝k (λ. m)′

(H, a| v)⇝k v′

(H, a| (ret v))⇝k (ret v)′
(H, a|m)⇝k m′

(H, a| (thunk m))⇝k (thunk m)′

(H, a| v)⇝k v′

(H, a| (force v))⇝k (force v)′
(H, a|m)⇝k m′ (H, a| v)⇝k v′

(H, a| (appm v))⇝k (appm ′)v′

(H, a|m)⇝k m′ (H, a| n)⇝k+1 n′

(H, a| (seqm n))⇝k (seqm′ n′)

(H, a|m1)⇝k m′
1 (H, a|m2)⇝k m′

2 (H, a| n)⇝k+2 n′

(H, a| (pseqm1 m2 n))⇝k (pseqm′
1 m′

2 n′)

(H, a| v)⇝k v′ (H, a|m)⇝k+1 m′

(H, a| (let v. inm))⇝k (let v′. inm′)

k ≤ x
lookup H a (x − k) = ⟨γ((thunk m)), b⟩ (H, b| (thunk m))⇝0 v

(H, a| (var x))⇝k v

FIGURE 4.7: Unfolding Rules for CBPV

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/HeapMachineScript.sml#L179
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Lemma 56 (Heap Machine Time Simulation). If m ⇓k n then there exists k′ such
that ([⟨P, 0⟩], [ ], [ ]) ▷k′ ([ ], [⟨P′, a⟩], H), where k′ ≤ 7 ∗ k + 5 and ⟨P, 0⟩ ≫ m
and ⟨P′, a⟩ ≫H n.

Proof. The proof proceeds by induction on the big-step semantics of CBPV.

The space cost of the heap machine is unrelated to the space cost of the
CBPV term: the size of the kth state is bounded by the size of the original
CBPV term, and the number of transition steps:

Lemma 57 (Heap Machine Space Simulation). If (P, [ ], [ ]) ▷k (T, N, H) and
P ≫ m then ∥T ++ N ++ H∥ ≤ (k + 1) ∗ (3 ∗ k + 4 ∗ ∥m∥).

Proof. The proof proceeds by showing each stack’s length and that all ele-
ments in each stack are bounded by the size of the original term m and the
number of transitions taken k.

4.5 Call-By-Push-Value is Reasonable for Time and

Space

In the previous section, I first constructed an abstract substitution machine
and an abstract heap machine. I then proved that there exists simulation rela-
tions between these two abstract machines and CBPV with specific bounds.

In this section, I use the results from Section 4.4 to prove that CBPV is
reasonable. I achieve this by providing two simulations between CBPV and
Turing machines, as elaborated in Figure 4.8.

Section 4.5.1 describes how Turing machines can simulate CBPV with
polynomial time overhead and constant factor space overhead, fulfilling The-
orem 36 in Section 4.1. Note that this simulation goes through the abstract
machines we implemented and formalised in Section 4.4.

Section 4.5.2 describes how CBPV can reasonably simulate WCBV. I adapt
the result that WCBV can reasonably simulate Turing machines from existing
literature (Forster, Kunze, and Roth, 2020). Together, we have that CBPV
can simulate Turing machines with polynomial time overhead and constant
factor space overhead, fulfilling Theorem 37 in Section 4.1.

4.5.1 Turing Machines Simulating CBPV

In this section I show that it is always possible to construct a Turing machine
MCBPV that simulates CBPV with polynomially bounded time overhead and

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/HeapMachineScript.sml#L1044
https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/HeapMachineScript.sml#L1206
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Abstract Machines

Turing Machines CBPV

WCBV λ-Calculus

simulates simulates

simulatessimulates

• Right side:
Mechanised in HOL4 (Chen, 2025).

• Left side:
Pen-and-paper proof
based on the proof technique
by Forster, Kunze, and Roth (2020).

FIGURE 4.8: Simulation between Turing Machines and CBPV
with Intermediate Models

constant factor space overhead. The results from Section 4.4, specifically,
Lemmas 53, 54, 56 and 57, will be used here.

My proof is very similar to a proof from the literature Forster, Kunze, and
Roth (2020), which I explained briefly in the previous chapter (Section 3.5). In
their work, similar heap and substitution machines are interleaved to obtain
a simulation of WCBV. Their proof relies on formalised results similar to my
formalised results, and proves that the interleaving strategy always obeys the
required time and space bounds. I demonstrate that their argument extends
to the more general case of CBPV. While my abstract machines are much
more involved, they have similar time and space bounds, which simplifies
adaptation.

In the previous chapter, I explained the proof in a bottom-up manner. In
this section, I will do the reverse, and explain from a top-down perspective,
adding more intuitions of how we reached to that machine construction step.

In order to show that Turing machines can simulate CBPV, we must prove
that one can always construct a Turing machine MCBPV that simulates the
given CBPV term within the required bounds. We obtain such MCBPV by con-
structing and interleaving Turing machines Msubst and Mheap that simulate the
respective abstract machines. Provided an input s which has a normal form
t, the algorithm starts by applying Msubst over (the program equivalent of) s
to reduce it. If a size explosion occurs during this reduction, execution then
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switches to use Mheap before the explosion happens. In this case, the heap-
based strategy is guaranteed not to encounter the pointer explosion problem.
That is because the terms that causes size explosions result in a space cost of
O(n2), which easily accommodates the log n space cost for pointer storage
in the heap machine. This algorithm guarantees termination and reasonable
time and space overhead.

The substitution-based Turing machine Msubst is constructed by iterat-
ing over smaller Turing machines each simulating an individual transition
rule from Figure 4.5. Similarly, the heap-based Turing machine Mheap is con-
structed by iterating over Turing machines simulating the rules of Figure 4.6.
In addition to the original CBPV term s, each of these machines takes as in-
put a number of steps k that they are meant to simulate. The Msubst takes an
additional input σ and aborts if the amount of space used is larger than σ.
The encoding of the machine transition rules in Turing machines is straight-
forward, where we use 13 symbols to represent the 13 constructors(tokens)
in the substitution machine. Similarly, we use 12 symbols to represent the 12
constructors(tokens) in the heap machine.

Now let’s construct the Turing machines. In the following theorems, I
write ∥s∥T for the number of transition steps and ∥s∥S for size of the biggest
intermediate term.

We first consider the substitution machine. Msubst takes as inputs a term
s, two numbers k and σ. s is the term to be reduced, k represents the num-
ber of transition steps to perform, and σ represents the space threshold over
which the machine should abort. We show that this machine must satisfy
one of the following three conditions: (1) it returns a desired value t within
k steps; (2) it reaches the space bound and halts; (3) it finishes k reductions
and halts (within both space and time bounds). This is formally stated below
as Theorem 58.

Theorem 58. There exists a Turing machine Msubst that takes as inputs k, σ and a
term s. It halts in time O(k· poly(min (σ, ∥s∥S))) and space O(min (σ, ∥s∥S) + log
σ + log k) while one of the following statements holds:

• The machine outputs a term t, then s has normal form t and σ ≥ ∥s∥S and
k ≥ 3 · ∥s∥T + 1.

• The machine halts in a state named space bound not reached and k ≤ 3 ·
∥s∥T + 1 holds.

• The machine halts in a state named space bound reached and σ ≤ 9 · ∥s∥S

holds.
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Proof. We can construct a Turing machine Msubst by looping Turing machines
that implement the individual steps of the abstract substitution machine. We
add an extra rule where this machine has to halt if it were to reach a state
with size larger than σ. Note that the extra rule requires Msubst to halt even if
it is in the middle of execution, in order to avoid the size explosion problem.
With an initialisation function τ that converts s from a λ-term into a program
τ(s), we now have the desired Turing machine Msubst.

The time and space cost from the substitution machine mostly carry over
directly, but the extraction functions φ cannot be implemented in constant
time. For instance, φ k

QP takes time and space O(∥Q∥+ ∥P∥+ k).
From Lemma 54, we know that if s ⇓∥s∥S t then there exists σ such that

(Ps, []) ▷σ
∗ ([], Pt) , where ∥s∥S ≤ σ ≤ 9 ∗ ∥s∥S and Ps ≫ s and Pt ≫ t. Thus the

size of all intermediate states and the overall space consumption lie within
9 ∗ ∥s∥S.

From Lemma 53, we know that if s ⇓∥s∥T
t, then there exists k such that

(Ps, []) ▷k ([], Pt) where k ≤ 3 ∗ ∥s∥T + 1 and Ps ≫ s and Pt ≫ t. Thus there
must exist a k that is large enough to simulate the reduction while still lying
within the bound 3 ∗ ∥s∥T + 1.

The next step is to construct the heap-based Turing machine Mheap:

Theorem 59. There exists a Turing machine Mheap that, given a number k and a
closed term s, halts in time O(poly(∥s∥,k)) and space O(∥s∥ · poly(k)). If s has a
normal form t and k ≥ 10 · ∥s∥T + 3, it computes a heap H and a closure g such
that g ≫H t. Otherwise, it halts in a distinguished final state (denoting ’failure’).

Proof. We can implement the abstract substitution machine from Section 4.4.2
by looping Turing machines that implement the individual steps of the ab-
stract machine.

Time and space cost of the φ functions is as in Theorem 58. We also have
to consider the lookup function. lookup iterates through the heap for n indices
using the heap headers (a in this case) as pointers, resulting in at most O(n)
time cost.

Thus each abstract step (T, V, H) ▷ (T′, V′, H′) can be implemented in
O(poly(∥(T, V, H)∥)) time and O(max(∥(T, V, H)∥, ∥(T′, V′, H′)∥)) space. The
space consumption of all involved operations in Figure 4.6 is bounded by
their input or output. Using Lemma 57, the size of all intermediate (T, V, H)

can be bound by k and ∥s∥ to derive the claimed resource bounds. The suc-
cessful computation of g and H for large enough k follows with Lemma 56.
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Before constructing MCBPV , we need a lemma to say that unfolding only
changes de Bruijn indices starting at k. In particular, closed terms are invari-
ant under unfolding.

Lemma 60 (Unfold Bounded). If s is bounded by k, then (s, a| H)⇝k s.

Proof. Induction on s ≤ k.

We now combine everything together to form our final theorem.

Theorem 61. There is a Turing machine MCBPV that, given a closed term s that
has a normal form t, computes a heap H and a closure g such that g ≫H t in time
O(poly(∥s∥, ∥s∥T)) and space O(∥s∥S).

Proof. By using the interleaving algorithm (Algorithm 1) adapted from WCBV
(Forster, Kunze, and Roth, 2020):

Algorithm 1 Interleaving Strategy Algorithm
Let p be the polynomial such that the machine from Theorem 59 runs in space
O(∥s∥ · p(k)).

1. Initialise k := 0 (in binary)

2. Compute σ := ∥s∥ · p(k) (in binary)

3. Run Msubst on s, k and σ.

(a) If Msubst computes the normal form t, output (γ(t), 0) and an
empty heap [ ] and halt.

(b) If Msubst halts with space bound not reached, set k := k + 1 and go
to 2

(c) If Msubst halts with space bound reached, continue at 4.

4. Run Mheap on s and k.

(a) If this computed a closure g and a heap H representing t, output
H and g and halt.

(b) Otherwise, set k := k + 1 and go to 2.

There are four things to prove about the algorithm. We will go through
them one by one.

Halting states. MCBPV has only two halting states: when Msubst returns
(state 3(a) in Algorithm 1), and when Mheap returns (state 4(a)). In both cases,

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/HeapMachineScript.sml#L229
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MCBPV returns a closure-heap pair representing the normal form t of s. In
the first case, Theorem 58 shows that Msubst will return a normal form t of s
and Lemma 60 shows that the closure-heap pair we constructed in state 3(a)
indeed represents t. The second case is immediate Theorem 59.

Termination. The machine will terminate for terminating terms s and
diverge on non-terminating CBPV terms. For the terminating case, we need
to show two things: (1). for all k, each iteration eventually finishes and goes
to the next iteration; (2). there exists a k such that the machine halts and
returns a closure-heap pair. We consider (1) first, and fix k. Time cost in step
1 is constant. Binary computation in Turing machines have polynomial cost,
thus the time cost in step 2 is O(poly(∥s∥, (k))). Using Theorem 58, step 3
takes time

O(k · poly(min(σ, ∥s∥S))) ⊆ O(k · poly(σ))
= O(k · poly(∥s∥ · p(k))) from step 2
⊆ O(k · poly(∥s∥, k)) p is a polynomial
⊆ O(poly(∥s∥, k))

If Step 4 is executed, this takes time O(poly(∥s∥, k)) by Theorem 59. Since
each of the four steps has at most time complexity O(poly(∥s∥, k)), one iter-
ation has time cost O(poly(∥s∥, k)), which suffices for (1). For (2), consider
k = 10∥s∥T + 3, which is larger than the two values required in Theorem 58
and Theorem 59. By Theorem 58, the machine does halt during Step 3, unless
σ ≤ ∥s∥S. In the latter case, 4 is tried. Then, by Theorem 59, as k is large
enough, we have that Mheap indeed halts with a closure-heap pair.

Time Complexity. We have proved the time cost for each iteration, so
we just need to sum up all the iterations for the overall time complexity for
MCBPV :

O
(10∥s∥T+3

∑
k=0

(poly(∥s∥, k))
)
⊆ O(∥s∥T · poly(∥s∥, ∥s∥T)) ⊆ O(poly(∥s∥, ∥s∥T))

Space Complexity. We first analyse the space cost for one iteration with
an arbitrary k. Step 1 is constant. Step 2 takes O(log(σ)) space since the com-
putation is in binary. By Theorem 58, Step 3 takes space O(min(σ, ∥s∥S) +

log σ + log k) ⊆ O(∥s∥S + log σ + log k). If step 3(c) reaches the space bound
(σ ≤ 3 · ∥s∥S), step 4 is tried. Together with Theorem 59 and definition of m,
the space cost for step 4 is O(∥s∥ · p(k)) ⊆ O(σ) ⊆ O(∥s∥S).
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Thus we have the space cost of one iteration:

O(∥s∥S + log σ + log k)
= O(∥s∥S + log(∥s∥ · p(k)) + log k) (definition of σ)

⊆ O(∥s∥S + log ∥s∥+ log(p(k)) + log k)
= O(∥s∥S + log(p(k)) + log k) (as ∥s∥ ≤ ∥s∥S)

= O(∥s∥S + log(kc) + log k) (c const., p poly.)
= O(∥s∥S + c log(k) + log k)
⊆ O(∥s∥S + log k)

The space cost for all iterations is as follows, where the last equation is
by Lemma 62:

O( max
0≤k≤10∥s∥T+3

(∥s∥S + log k)) ⊆ O(∥s∥S + log ∥s∥T) = O(∥s∥S)

By combining our formalisation with results above, we obtain Theorem 36.
For terms with ∥s∥T /∈ O(∥s∥S) it is crucial that the machine tracks the step
number k in binary, because it would need Ω(∥s∥T) space otherwise. This
suffices because of lemma 62:

Lemma 62. log ∥s∥T ∈ O(∥s∥S).

Proof. As the vocabulary is finite, there are at most exponentially many terms
for a given size. A reduction from s cannot visit the same term twice since re-
duction is deterministic. ∥s∥S is the biggest intermediate term, which means
that all the terms in the reduction for s will be smaller than ∥s∥S. This implies
that ∥s∥T will be at most equal to the total number of terms smaller than ∥s∥S.
Formally: ∥s∥T ≤ c∥s∥S for a constant c.

To see that the number of terms smaller than a given size σ is at most
exponential, note that #{t| ∥t∥ ≤ σ} = #{∥t∥ | ∥γ(t)∥ ≤ 2 · σ} by Lemma 48.
Because γ is injective we have #{∥t∥ | ∥γ(t)∥ ≤ 2 · σ} = #{P| ∥P∥ ≤ 2 · σ},
which is ≤ #{P| ∥P∥ ≤ 2 · σ}. Finally, #{P| ∥P∥ ≤ 2 · σ} ≤ 5n − 1 follows by
induction on n. The 5 is because there are four different symbols a program
can start with, and variables indices use a fifth symbol.
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4.5.2 CBPV Simulating Turing Machines

In this section, I prove that CBPV can simulate Turing machines with rea-
sonable time and space overhead. I achieve this by using WCBV as an in-
termediate model. There is existing work showing WCBV can simulate Tur-
ing machines with reasonable time and space overhead (Forster, Kunze, and
Roth, 2020). Thus what remains to be shown in this section is a reasonable
simulation of WCBV using CBPV. With prior work, this suffices to prove The-
orem 37.

Recall the syntax (Definition 15), time cost semantics (Figure 3.3), and
space cost semantics (Figure 3.4) of WCBV from Chapter 3.
The compilation function c(t) is then defined as follows:

Definition 63 (Compilation Function (WCBV to CBPV)).

c(var x) = var x c(λ. t) = ret thunk λ. c(t)
c(app t u) = pseq (c(u)) (c(t)) (app (force var 0) (var 1))

I prove that CBPV can simulate WCBV with constant overheads, by a routine
induction:

Theorem 64. For each closed WCBV term t, we have:

1. (Time) If t ⇓̇k u, then there exists k′ such that c(t) ⇓k′ c(u) and k′ ≤ 5 ∗ k;
and

2. (Space) If t ⇓̇s u, then there exists s′ such that c(t) ⇓s′ c(u) and s′ ≤ 6 ∗ s.

This proves Theorem 37, which together with Theorem 36 from the pre-
vious section, immediately shows that CBPV is indeed reasonable for both
time and space (Theorem 38).
Note that the standard translation uses seq twice instead of pseq once, like
this:

c′η(var x) = var η(x) c′η(λ. t) = ret thunk λ. c′
η⇑[0 7→0](t)

c′η(app t u) = seq (c′η(u)) (seq c′
η↑(t) (app (force var 0) (var 1)))

Some de Bruijn arithmetic is needed to account for the extra binder in the
(app) case. Environments η are (partial) functions from N to N. We define
lifting operators as follows:

https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/from_wcbv/compilationScript.sml#L12
https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/from_wcbv/compilationScript.sml#L96
https://github.com/ZhuoZoeyChen/cbpv-reasonable-HOL/blob/archive/from_wcbv/compilationScript.sml#L164
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Definition 65. Lifting

η↑ ≡ x 7→ η(x) + 1 η⇑ ≡ x 7→ η(x + 1) + 1

η[x 7→ y](z) ≡
{

y if x = z
η(z) otherwise

However, it turns out that c′ has linear space overhead, because there ex-
ists terms t such that ∥c′(t)∥ = Ω(∥t∥2), as shown by the following example.
Consider a term tn consisting of n right-associated applications, followed by
n occurrences of the variable 0. For example, we’d have the following, where
I denotes the identity function (λ. (var 0)):

t1 ≡ app I (var 0)
t2 ≡ app I (app I (app (var 0) (var 0)))
t3 ≡ app I (app I (app I (app (app (var 0) (var 0)) (var 0))))
. . .

We have size(tn) = O(n). But if we consider c′(tn), the n occurrences of
(var 0) in tn become n occurrences of (var n), and hence size(tn) = Ω(n2).

This technicality arises because de Bruijn indices count towards term size.
We must count like so because numbers are not representable in constant
space on Turing machines.

Fortunately, the problematic additional bindings introduced by applica-
tions are vacuous over the operand. Translating WCBV to CBPV requires in-
troducing intermediary bindings, and we cannot solve the issue by shuffling
arguments: it is necessary for either the operator or operand of an applica-
tion to be in the scope of a vacuous binding. Based on this observation, while
other alternative approaches could be possible, we found pseq to be the most
intuitive and does not introduce extra problems.

Do we need to go to Turing machines?

Since WCBV is known to be reasonable, the reader may wonder if we must
go all the way to Turing machines to prove Theorem 37. Wouldn’t going
to WCBV be simpler? This turns out to be straightforward for time cost,
but unfortunately the natural encoding of CBPV in WCBV has linear space
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overhead (cf. Section 4.5.2). Consider this compilation function:

d(var x) = var x d(thunk m) = λ. d(m)↑

d(force v) = app (d(v)) λ. var 0 d(ret v) = d(v)
d(λ. m) = λ. d(m) d(appm v) = app (d(m)) (d(v))
d(seqm n) = app (λ. d(m)) (d(n)) d(let v. inm) = app (λ. d(m)) (d(v))
d(pseqm2 m1 n) = app (app (λ. λ. d(n)) (d(m2))) (d(m1))

We flatten the distinction between values and computations, and to suspend
computations we use the one mechanism on offer: λ-abstraction. We have
proved that this compilation strategy is reasonable for time cost. Unfortu-
nately, it does not yield a reasonable space cost model. To see why, consider
the following variation on the example from the previous section.

t1 ≡ app (force var 0) (var 0)

t2 ≡ force thunk app (app (force var 0) (var 0)) (var 0)

t3 ≡ force thunk force thunk app (app (app (force var 0) (var 0)) (var 0)) (var 0)

. . .

That is, term tn contains O(n) mentions of (var 0) under O(n) layers of thunks.
We have size(tn) = O(n). But when we consider d(tn), the n occurrences of
(var 0) in tn become n occurrences of (var n), and hence size(d(tn)) = Ω(n2).

Clearly a reasonable encoding in this direction is possible: the detour via
Turing machines would yield one. But the choice of encoding function would
not be obvious.
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Chapter 5

Extending Call-By-Push-Value
with Call-By-Need

In this chapter, I demonstrate how to extend my formalisation of CBPV with
call-by-need. There has been pen-and-paper work on this topic by McDer-
mott and Mycroft (2019). They extend Levy’s CBPV using shared reductions,
obtaining a call-by-need version of CBPV, called extended call-by-push-value
(ECBPV). I follow their naming convention and refer to my extended CBPV
as ECBPV too. I take inspiration from their shared reduction to develop and
formalise my ECBPV in HOL4.

This work can lead to the development of cost models for ECBPV by com-
bining the formalisation of ECBPV language in this chapter, and the formali-
sation of cost models for CBPV in Chapter 4.

5.1 Syntax

The original CBPV does not suffice for simulating call-by-need strategy. This
is because CBPV itself does not have any functionality that supports memory
sharing, which is a crucial requirement for applying call-by-need strategy. In
order to embed call-by-need into CBPV, we need to have a way to enable
memory sharing. That is, we need to be able to share the results of com-
putations that have already been evaluated and know where to share these
results to. To achieve this, I introduce new syntactic constructs called need

and needvar. The rest of the syntax for ECBPV follows the syntax of CBPV:

Definition 66 (Syntax for ECBPV).

Values V := var x | thunk M

Computations M := λ. M | app M V | force V | ret V | let V. in M |
seq M M | pseq M M M | need M M | needvar x

https://github.com/ZhuoZoeyChen/ecbpv-reasonable-hol/blob/archive/ECBPV_Mutual_RecursiveScript.sml#L24
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Note that the need construct takes two computations as arguments, rather
than one computation and one value like in application. needm n is similar
to seqm n in the sense that m is the first computation in the sequence, and
n takes in (the result of) m as an input. The difference is that in seqm n, the
result of m is computed first and passed in n as an argument. In the case for
needm n, m is only computed if it is needed by n. Another new construct is
needvar x, which reprents a need variable at index x.

The size function for ECBPV works similarly as the ones for WCBV and
CBPV, where de Bruijn indices are taken into account:

Definition 67 (Size functions).

∥var n∥ = 1 + n
∥thunk c∥ = 1 + ∥c∥
∥force v∥ = 1 + ∥v∥
∥λ. m∥ = 1 + ∥m∥
∥appm v∥ = 1 + ∥m∥+ ∥v∥
∥ret v∥ = 1 + ∥v∥

∥seqm n∥ = 1 + ∥m∥+ ∥n∥
∥let v. inm∥ = 1 + ∥v∥+ ∥m∥
∥pseqm2 m1 n∥ = 1 + ∥m2∥+ ∥m1∥+ ∥n∥
∥needm n∥ = 1 + ∥m∥+ ∥n∥
∥needvar n∥ = 1 + n

5.2 Semantics

The substitution process for ECBPV is more complicated than the ones for
WCBV and CBPV, because we need to take care of variable sharing. In order
to distinguish the substitution for regular variables from the substitution for
need variables (needvar), I define two separate substitution functions serving
these two purposes respectively in Definition 68 and Definition 69.

The notation for the regular substitution is m0
v, following the ones used

for WCBV and CBPV. The regular substitution is defined as follows:

Definition 68 (Substitution function).

(var n)k
u =

u if n = k

var n if n ̸= k

(thunk m)k
u = (thunk mk

u)

(force v)k
u = force (vk

u)

(λ. m)k
u = λ. (mk+1

u )

(appm v)k
u = app (mk

u) (vk
u)

(ret v)k
u = ret (vk

u)

(seqm n)k
u = seq (mk

u) (nk+1
u )

(let v. inm)k
u = let (vk

u). in (mk+1
u )

(pseqm2 m1 n)k
u = pseq (m2

k
u) (m1

k
u) (nk+2

u )

(needm n)k
u = need (mk

u) (nk
u)

(needvar x)k
u = needvar x

https://github.com/ZhuoZoeyChen/ecbpv-reasonable-hol/blob/archive/ECBPV_Mutual_RecursiveScript.sml#L33
https://github.com/ZhuoZoeyChen/ecbpv-reasonable-hol/blob/archive/ECBPV_Mutual_RecursiveScript.sml#L49
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In order to distinguish the needvar substitution from the regular one, I
use a slightly modified notation m▽0

v , where an extra symbol ▽ is added.
Note that in the substitution function for needvar (Definition 69), the de Bruijn
index is only lifted when we enter a need layer, rather than whenever we enter
a λ-abstraction.

Definition 69 (Substitution function for needvar).

(var n)▽k
u = var n

(thunk m)▽k
u = thunk (m▽k

u )

(force v)▽k
u = force (v▽k

u )

(λ. m)▽k
u = λ. (m▽k

u )

(appm v)▽k
u = app (m▽k

u ) (v▽k
u )

(ret v)▽k
u = ret (v▽k

u )

(seqm n)▽k
u = seq (m▽k

u ) (n▽k
u )

(let v. inm)▽k
u = let (v▽k

u ). in (m▽k
u )

(pseqm2 m1 n)▽k
u = pseq (m2

▽k
u ) (m1

▽k
u ) (n▽k

u )

(needm n)▽k
u = need (m▽k

u ) (n▽k+1
u )

(needvar n)▽k
u =

u if n = k

needvar n if n ̸= k

With substitutions defined, we can now move onto the semantics. Start-
ing with small-step semantics. In order to define small-step semantics for
ECBPV, we need to first define a primitive step relation m → m′ similar to
the one for CBPV:

force (thunk m) → m
m0

v = m′

app (λ. m) v → m′
m0

v = m′

let v. inm → m′

n0
v = n′

seq (ret v) n → n′
(n0

v1
)

1
v2

= n′

pseq (ret v2) (ret v1) n → n′
n▽0
(ret v) = n′

(need (ret v) n) → n′

FIGURE 5.1: Primitive Step for ECBPV

In order to encode the lazy property of ECBPV, which is only evaluate
computation when it is needed, I define a helper function demands dmsm k
(Definition 70) to denote when such occasion rises, where m is an ECBPV
computation whose result is demanded (needed) and k is a number that rep-
resents the de Bruijn index. Note that in this thesis I use the words need and
demand interchangeably to refer to the same concept.

https://github.com/ZhuoZoeyChen/ecbpv-reasonable-hol/blob/archive/ECBPV_Mutual_RecursiveScript.sml#L63
https://github.com/ZhuoZoeyChen/ecbpv-reasonable-hol/blob/archive/ECBPV_Mutual_RecursiveScript.sml#L88
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Definition 70 (Demands Function).

dms (needvar k) k

dmsm k

dms (appm v) k

dmsm k

dms (seqm n) k

dmsm1 k

dms (pseqm2 m1 n) k

dmsm2 k

dms (pseqm2 (ret v) n) k

dmsm k dms n 0

dms (needm n) k

dms n (k + 1)

dms (needm n) k

I also define a helper function to check whether the given input is a return
expression:

Definition 71 (Return Predicate). For any ECBPV term x, is_ret(x) if and only
if there exists an ECBPV term x′ such that x = (ret x′).

Putting everything together, we now have the small-step semantics for
ECBPV as follows:

m → m′

m ⇝ m′
m ⇝ m′

appm v ⇝ appm′ v
m ⇝ m′

seqm n ⇝ seqm′ n

m1 ⇝ m′
1

pseqm2 m1 n ⇝ pseqm2 m′
1 n

m2 ⇝ m′
2

pseqm2 (ret v) n ⇝ pseqm′
2 (ret v) n

dms n 0 m ⇝ m′

(needm n) ⇝ (needm′ n)
n ⇝ n′ ¬is_ret(m)

(needm n) ⇝ (needm n′)

FIGURE 5.2: Small-Step Semantics for ECBPV

The last two rules encode the idea that during evaluation of a need term
(e.g. needm n), the reduction of the second computation n happens before the
reduction of the first computation m. Furthermore, the first computation m
is only evaluated if it is needed in n. Note that the result of m is only needed
if it will not be thrown away during the evaluation of n.

The above small-step semantics gives an intuitive understanding of the
reduction steps of my ECBPV. For it to be more useful for reasoning about
cost models, I further define big-step semantics 8or ECBPV, decorated with
time cost and space cost respectively in Figure 5.3 and Figure 5.4. The strat-
egy to count time and space cost in the big-step semantics follows from the

https://github.com/ZhuoZoeyChen/ecbpv-reasonable-hol/blob/archive/ECBPV_Mutual_RecursiveScript.sml#L125
https://github.com/ZhuoZoeyChen/ecbpv-reasonable-hol/blob/archive/ECBPV_Mutual_RecursiveScript.sml#L112
https://github.com/ZhuoZoeyChen/ecbpv-reasonable-hol/blob/archive/ECBPV_Mutual_RecursiveScript.sml#L142
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ones in the previous chapters (Chapter 3, Chapter 4). To be more specific, the
time cost is measured by the number of β-reductions, and the space cost is
measured by the size of the biggest intermediate term. The choice of time
cost measure is why there are a few rules with 0 time cost in Figure 5.3. In
those rules, no β-reduction is performed, thus with our time measure, it has
the time cost of 0.

λ. m ⇓0 λ. m ret v ⇓0 ret v needvar v ⇓0 needvar v

m ⇓k m′

force (thunk m) ⇓k+2 m′
m0

v ⇓k m′

let v. inm ⇓k+1 m′
m ⇓k1

λ. n n0
v ⇓k2

n′

appm v ⇓k1+k2+1 n′

m ⇓k n dms n x
appm v ⇓k app n v

m ⇓k1
ret v n0

v ⇓k2
n′

seqm n ⇓k1+k2+1 n′
m ⇓k m′ dmsm′ x
seqm n ⇓k seqm′ n

m1 ⇓k1
ret v1 m2 ⇓k2

ret v2 (n0
v1
)

1
v2

⇓k3
n′

pseqm2 m1 n ⇓k1+k2+k3+1 n′

m1 ⇓k1
m′

1 dmsm′
1 x1

pseqm2 m1 n ⇓k1
pseqm2 m′

1 n

m1 ⇓k1
ret v1 m2 ⇓k2

m′
2 dmsm′

2 x2

pseqm2 m1 n ⇓k1+k2
pseqm′

2 (ret v1) n

n ⇓k1
n′ dms n′ 0 m ⇓k2

ret v n′▽0
ret v ⇓k3

u

needm n ⇓k1+k2+k3+1 u

n ⇓k1
n′ ¬is_ret(n′) ¬dms n′ 0

needm n ⇓k1
needm n′

n ⇓k1
ret v

needm n ⇓k1
ret v

FIGURE 5.3: Big-Step Semantics of ECBPV with Time Cost

https://github.com/ZhuoZoeyChen/ecbpv-reasonable-hol/blob/archive/ECBPV_Mutual_RecursiveScript.sml#L238


88 Chapter 5. Exploring Extensions to Call-By-Need

λ. m ⇓∥m∥+1 λ. m ret v ⇓∥v∥+1 ret v

m ⇓s m′

force (thunk m) ⇓max(s, ∥m∥+2) m′
m0

v ⇓s m′

let v. inm ⇓max(s, ∥v∥+∥m∥+1) m′

m ⇓s1 λ. n n0
v ⇓s2 n′

appm v ⇓max(s1+∥v∥+1, s2) n′
m ⇓s1 m′ dmsm′ x

appm v ⇓s1+∥v∥+1 appm′ v

m ⇓s1 ret v n0
v ⇓s2 n′

seqm n ⇓max(s1+∥n∥+1, s2) n′
m ⇓s1 m′ dmsm′ x

seqm n ⇓s1+∥n∥+1 seqm′ n

m1 ⇓s1 ret v1 m2 ⇓s2 ret v2 (n0
v1
)

1
v2 ⇓s3 n′

pseqm2 m1 n ⇓max(s1+∥m2∥+∥n∥+1, ∥v1∥+s2+∥n∥+1, s3) n′

m1 ⇓s1 m′
1

pseqm2 m1 n ⇓s1+∥m2∥+∥n∥+1 pseqm2 m′
1 n

m1 ⇓s1 ret v1 m2 ⇓s2 m′
2

pseqm2 m1 n ⇓max(s1+∥m2∥+∥n∥+1, ∥v1∥+s2+∥n∥+1) pseqm′
2 (ret v1) n

m ⇓s1 ret v n ⇓s2 n′ dms n′ 0 n′▽0
ret v ⇓s3 w

needm n ⇓max(1+s1+∥n∥, 1+∥v∥+s2, s3) w

n ⇓s n′ ¬is_ret(n′) ¬dms n′ 0

needm n ⇓1+∥m∥+s needm n′

n ⇓s ret v

needm n ⇓max(1+∥m∥+1+∥n∥, 1+∥m∥+s) ret v

FIGURE 5.4: Big-Step Semantics of ECBPV with Space Cost

As you can see, there are a few more rules in ECBPV comparing to the
ones in CBPV. The additional rules that corresponds to the existing CBPV
constructors are to deal with the situation where one of the underlying com-
putations (e.g. m) has a needvar that is pending evaluation, thus it stops mid-
way through reduction (at e.g. m′) and can not be reduced to the normal
form (e.g. ret v). In this case, we simply update the computation m in the
term with m′.

https://github.com/ZhuoZoeyChen/ecbpv-reasonable-hol/blob/archive/ECBPV_Mutual_RecursiveScript.sml#L332
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The ones for need and needvar are the core ones for ECBPV. All three of
them form a decision chain for reducing need terms, for example, for needm n:

1. If n’s reduction gets blocked at n′ before reaching normal form because
m is needed, evaluate m and substitute the result in n′;

2. If n’s reduction gets blocked at n′ before reaching normal form because
of other needvar, update n with n′;

3. If n can be reduced to normal form ret n′ successfully, simply return
that.
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Chapter 6

Conclusions and Future Directions

This thesis contributed to the development and formal verification of reason-
able cost models for functional languages within the λ-calculus family, with
a particular focus on CBPV. It presented three closely related projects that to-
gether advance the formal study of complexity of functional programming.

6.1 Summary of Work

The first project formalised the existing reasonable time and space cost mod-
els for WCBV. The original work formalised their models in the Rocq prover,
while this thesis formalises them in the HOL4 prover. This further verified
their correctness and consistency by performing formalisation in a prover
with a different logical foundation. This work is also included in the HOL4
library, enabling future developments to build upon it. This also provided a
foundation for subsequent developments in this thesis by ensuring a mech-
anised understanding of how existing cost models with natural measure be-
have.

The second project, which forms the core of this thesis, introduced and
verified the first reasonable time and space cost models for CBPV. This project
provided both theoretical and formal contributions. The theoretical work es-
tablished that CBPV satisfies the invariance thesis for both time and space.
The formalisation component mechanised the core parts of this proof: the
CBPV language model, the machine models for the intermediate abstract ma-
chines (the substitution and heap machines), and the simulations between
CBPV and these machines. As part of this proof, we demonstrated that
Levy’s call-by-value embedding into CBPV preserves reasonable time and
space bounds.

The third project extended the theoretical framework by developing and
formalising ECBPV that supports memory sharing. Although no cost model
was proposed for ECBPV in this thesis, the mechanised language model lays
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the groundwork for future exploration of cost models for λ-calculus with
memory sharing.

These projects collectively establish a systematic framework connecting
language semantics, abstract machines, and complexity. In particular, the
interleaving of the substitution and heap machines preserves desired time
and space bounds with respect to CBPV and Turing machines, extending
known results for WCBV. The resulting cost-aware simulations provide the
first formal proof that CBPV constitutes a reasonable model of computation.
Following this, the development of ECBPV further extends the landscape of
λ-calculus that can be studied under this framework.

6.2 Main Contributions

The central achievement of this thesis is the development and proof of rea-
sonable time and space cost models for CBPV, establishing CBPV as a rea-
sonable model of computation in the sense of the invariance thesis.

CBPV has become increasingly influential in the study of λ-calculus and
the theory of computation. Showing that CBPV is reasonable provides a
crucial step toward understanding its computational complexity and solid-
ifies its role as a unifying model between call-by-value and call-by-name
paradigms.

The proposed cost models adopt natural and intuitive measures: time is
quantified by the number of reduction steps rather than concrete execution
time, and space is measured as the size of the largest intermediate term rather
than total accumulated memory usage. These definitions make the models
conceptually clear and theoretically tractable.

Because CBPV enables explicit control of evaluation order within the lan-
guage itself, the results of this thesis support future research into the cost and
complexity of other λ-calculus variants, with CBPV serving as a unifying in-
termediate model.

The formalisation work complements and strengthens the theoretical re-
sults by providing mechanised, machine-checked proofs in a theorem prover.

The mechanisation process revealed and corrected an issue in an earlier
version of the theoretical CBPV model I developed, leading to a more ac-
curate formulation. The formalisation confirms the soundness of the time
and space cost models and provides certified simulations between CBPV and
its abstract machines. The mechanised models are reusable: researchers can
build upon these machine-checked components without re-verifying their
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correctness, thereby enabling further development of cost models and veri-
fied compilers.

By combining theoretical innovation with formal verification, this thesis
advances both the conceptual and practical understanding of computational
cost in functional programming languages. It establishes CBPV as a solid
foundation for reasoning about time and space complexity, linking the ab-
stract semantics of functional languages to concrete machine-based complex-
ity measures.

Beyond CBPV, this work contributes to the broader effort of integrating
complexity theory into mechanised reasoning. The verified models and sim-
ulations developed here can serve as a reference for future work on reason-
ing about program efficiency in proof assistants, and for studying other λ-
calculus variants under a unified framework.

6.3 Limitations and Future Work

While this thesis establishes the first reasonable cost models for CBPV and
formally verifies their correctness, several limitations remain open for future
research.

Sublinear Time and Space While the verified cost model provided in this
thesis enables CBPV to be used to define standard complexity classes like
P, PSPACE, however, it does not capture sublinear time or space behaviour,
leaving room for further investigation into more refined space analyses. The
environment in the heap machine is a linked list, thus caps the time at con-
stant time at best. Improvement can be done by developing a more effi-
cient heap structure and corresponding lookup function. As for space, it is
a well-known problem for λ-calculus complexity analysis, that is the size
of the input term itself is counted towards its space complexity. This is be-
cause in λ-calculus, there is no separation between input space and work
space. As discussed in the related work section (Section 2.4), the space KAM
from (Schöpp, 2007) is not directly applicable to the CBPV if we want to main-
tain natural measures, however, it provides a potential direction to look into:
intermediate representations that separates input space and work space.

Extend to Call-By-Name In this thesis, I demonstrated that the framework
can extend naturally to (weak) call-by-value. The extension to call-by-name
still remains open. From my observation, Levy’s encoding of call-by-name
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from CBPV does not lie within the desired cost bounds. While more inves-
tigation is required to determine whether his encoding is indeed not reason-
able under any circumstances, it will be interesting to look into whether there
exist other encodings that are natural and reasonable.

Alternative Simulation Strategies Another limitation concerns the inter-
leaving algorithm between the substitution and heap machines. Although
the current design is effective and formally verified, it is not intuitively straight-
forward; a simplified or more general formulation could improve both un-
derstanding and extensibility. Selecting a different model of computation as
the baseline model instead of Turing machines could also potentially result
in a more intuitive simulation.

Extension with Memory Sharing The cost model for CBPV does not di-
rectly accommodate λ-calculus with evaluation strategies involving mem-
ory sharing, such as call-by-need. For such extensions to work, we have to
strengthen CBPV first. The ECBPV developed in this thesis (Chapter 5) pro-
vides a promising foundation for addressing this limitation and developing
such extensions. To develop reasonable cost models for ECBPV, intermediate
machine(s) with environment is essential. The CBPV heap machine can be
used as the starting point. There also exist improvements that could be done
for ECBPV. For one, the implementation of the demand function has linear
time complexity, which means that the usage of this function will incur a big
time cost. This should be taken into account during the cost model develop-
ment. Another improvement is about space cost. Currently, there is no rule
in the ECBPV semantics to ever get rid of a need binding. Implementation of
efficient garbage collection for need bindings can help reduce the unneces-
sary space cost. These improvements will ultimately contribute to the future
development of ECBPV cost models.

Untyped v.s. Typed The present work focuses on an untyped subset of
CBPV. Extending the cost model and its correctness proofs to typed variants
or full variants would strengthen its theoretical guarantees and enhance its
relevance to real-world functional programming languages. The gap remain-
ing is adding a few missing constructs from Levy’s original presentation:
sums, products, and a fixpoint combinator.
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6.4 Concluding Remarks

In conclusion, this thesis establishes a mechanised and theoretically sound
foundation for reasoning about the time and space complexity of CBPV. By
showing that CBPV is a reasonable model of computation and providing
reusable mechanised artefacts, it bridges the gap between abstract complex-
ity theory and formal verification. These results open the way toward a uni-
fied, mechanised theory of computational cost for functional programming
languages, and provide a basis for future exploration of cost models in richer
and more realistic language settings.
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